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SMIRE+CODIRE

Statistical Methods with Imprecise Random Elements + COmparison of DIstributions of
Random Elements

@ Random sets and fuzzy random variables.
o Statistical analysis of fuzzy and interval-valued data.

@ Stochastic ordering of random elements.
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WHAT WE DO

Convergence in distribution of fuzzy random variables.

@ Skorokhod representation theorem (Alonso de la Fuente and Terdn (2022)).
@ Vitali convergence theorem (Alonso de la Fuente and Teran (2022, 2023)).
o Dominated convergence theorem (Alonso de la Fuente and Terdn (2022, 2023)).

o Continuous mapping theorem (Alonso de la Fuente and Teran (2022)).

And these results can be extended to more general spaces, such as...
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CONVEX COMBINATION SPACES

DeFINITION (TERAN AND MOLCHANOV (2006))

Let (E, d) be a metric space with a convex combination operation [ -, -| which for any n > 2 numbers
A4, ... Ap > 0 satisfying 2;7:1 Aj =1and any vq, ..., Vv, € E this operation produces an element of E,
denoted [ 4, v,-]lf’:1 or [A4,Vq;...;An, Vn]. We will say that E is a convex combination space if the
following axioms are satisfied:

(CC1) (Commutativity) For every permutation o~ of {1, ..., n}, [, il = [Ao()> Vo) 11145

(CC2) (Associativity) [, T2 = [A1,V4: - - An Vi At + Anezs [ amd—: Vi 12,1
(CC3) (Continuity) If u, v € Eand A%) — 2 € (0,1), then [2®), u;1 — 2®) v] - [, u;1 - A, v];
(CC4) (Negative curvature) For all uy, up, vq,vo € Eand 2 € (0, 1),

d([A,ur;1 = A, U], [A,vi;1 = A, v2]) < Ad(ug,vi) + (1 = )d(uz, v2);

(CC5) (Convexification) For each v € E, there exists limp_0[n71, v]l’.’:1 , which will be denoted by
KE (V) o
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SOME EXAMPLES OF CONVEX COMBINATION SPACES

@ Banach spaces (Terdn and Molchanov (2006)).
o Cumulative distribution functions (Terdn and Molchanov (2006)).

@ Compact convex subsets of RY with the Hausdorff (Terén and Molchanov (2006)) and
the Bartels-Pallaschke metric (Alonso de la Fuente and Teran (2023)).
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SETS OF PROBABILITY MEASURES

Denote by W (R) the space of probability measures in R with finite expectation. The
L'-Wasserstein metric in W (R) is defined by

wi(P,Q) = IX=Yll1= E[IX - YI].

inf inf
L(X)=P,L(Y)=Q L(X)=P,L(Y)=Q

DerintTION (LI AND LIN (2017))

Let P, Q be sets of probability measures. Then the generalized Wasserstein metric between
P and Q is

Wi (P,Q) = inf wy(P,Q), inf wi(P,Q)}.
1(P,Q) max{;g;égQ 1( )SEZPIQP 1(P,Q)}
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SETS OF PROBABILITY MEASURES

Let # be a set of probability measures and ¢ : Q — R a continuous function. A sublinear
expectation is defined as

E”[¢] = sup Eul].
ME

DEFINITION

We denote by P4 (R) the set of all sets of probability measures in the real line such that
o P is weakly compact

o For an arbitrary point r € R,

Kli_r)noo E”[d(r, Mixerd(rx)2k}] = 0.
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SETS OF PROBABILITY MEASURES

DeriniTION (L1 AND LIN (2017))

We denote by Pf (R) the set of all sets of probability measures in the real line such that
o P is weakly compact and convex

o For an arbitrary point r € R,

,giinmEP[d(r, xer:d(rx)2k] = 0.
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MAIN RESULTS

Q@ (W;(R),wy) is a convex combination space.
Q P1(R) = K(Wi(R)).
Q@ (P1(R), W) is a convex combination space.

Q (Pf (R), ‘W) is a convex combination space.
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SteEPS 1 & 2

THEOREM

(W1 (R), wy) is a convex combination space with the convex combination operation
n
[0, Pl = L X)),
i=1

where L(X;) = P; and X; are independent. The convexification operator is

Kw, r) (P) = 0p(p)-

ProrosriTioN

P1(R) = K(W;(R)).
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StEPS 3 & 4

THEOREM

(P4 (R), W) is a convex combination space with the convex combination operation

n
[4i,Pi] = {.E(Z AiXi) : L(X;) € P;, X; independent}.
i=1

The convexification operator is

Kacw ) = €0 ° K w)-

(P1c (R), Wy) is a convex combination space with the operations inherited from P1(R).
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CONVEXIFICATION PROPERTY

Given P € P4 (R) we define
@ b(P) =infpep b(P) = inf £(x)cp E[X] (lower barycenter),
e b(P) = suppep b(P) = sup £ (x)ep E[X] (upper barycenter).

ProprosIiTION
Let P € P1(R). Then

Kp, () (P) = {6x : x € [b(P).b(P)]}.

THEOREM
Let P € P{(R). Then

| \

d(L(n™" )" X)), {6x : x € [b(P).B(P)]}) — 0.
i=1
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CONSEQUENCES

THEOREM (STRONG LAW OF LARGE NUMBERS)

Let T be an integrable random element of P1(R). Let {T'n}n be pairwise independent
random elements of P1 (R) distributed as T'. Then

Wi ([n™"; T, E[T]) - 0

almost surely.

THEOREM (DOMINATED CONVERGENCE THEOREM)
Let T, T be random elements of P1(R) such that

Wi(Tn.{60}) <9

for some g € LY(Q, A, P). If Ty — T weakly then

Wi (E[In], E[T]) — 0.
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CONSEQUENCES

THEOREM (JENSEN’S INEQUALITY)

Let ¢ be a lower semicontinuous function, i.e.,
Wi(@Qn,Q) —» 0= Iimninfga(Qn) > 0(Q),

and midpoint convex, i.e., such that
(P) +9(Q)
2

Jorall P,Q € P1(R). Let T be an integrable random element of P (R) such that
E(¢(I')) < oo. Then

e([1/2,P;1/2,Q]) <

¢(E(T)) < E(p(I)).
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