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- Comparison of the measures

- Introduction of intermediate uncertainty measures
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Uncertainty Measures

Probability
Functions

Belief Functions

Lower Probabilities

Finite Boolean Algebra: A “ pA,^,_, ,K,Jq.

A probability function P on an algebra A is a r0, 1s-valued map
satisfying:

(P1) PpJq “ 1, PpKq “ 0;
(P2) Ppθ _ φq “ Ppθq ` Ppφq, if θ ^ φ “ K. (Finite additivity)
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Uncertainty Measures/II

A belief function B on an algebra A is a r0, 1s-valued map
satisfying:

(B1) BpJq “ 1, BpKq “ 0;

(B2) B

˜

n
ł

i“1

ψi

¸

ě

n
ÿ

i“1

ÿ

tJĎt1,...,nu:|J|“iu

p´1qi`1B

¨

˝

ľ

jPJ

ψj

˛

‚ for

n “ 1, 2, 3, . . .. (8-monotonicity)

Alternative Definition

A lower probability function P on an algebra A is a r0, 1s-valued
map satisfying:

(P1) PpJq “ 1, PpKq “ 0;
(P2) Ppθ _ φq ě Ppθq ` Ppφq, if θ ^ φ “ K. (Super-additivity)

Alternative Definitions

4



 Lukasiewicz Logic

Standard MV-algebra: r0, 1sMV “ pr0, 1s,‘, , 1q

MV-Algebra System for  L

r0, 1s is the real-unit interval

Strong disjunction: a ‘ b “ mint1, a ` bu

Strong conjunction: a d b “ maxt0, a ` b ´ 1u

Implication: aÑ b “ minp1´ a ` b, 1q

Negation:  a “ 1´ a
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Language
L : language of  L over n propositional variables
l and P : two unary modalities

(CF) Classical Formulas

ϕ, ψ, J, K, ϕ^ ψ, ϕ_ ψ,  ϕ

(CMF) Classical Modal Formulas: closure of (CF) by l

ϕÑ lψ, lϕ^ ♦ψ, lplϕ^ ♦ψq

(PMF) Probabilistic Modal Formulas: closure by P and  L
§ Atomic Probabilistic Formulas: PpϕÑ lψq
§ Compound Probabilistic Formulas: Ppϕq Ñ Pplψq

((((((
lϕÑ Ppψq, ((((((((((

PpPpϕq Ñ Pplψqq

(UMF) Uncertain Modal Formulas: smallest set that
contains (PMF), it is closed under l and  L

lPpϕq, lPpϕq Ñ Pp♦ψq, lpPpϕq Ñ Pp♦ψqq,
lplPpϕq Ñ Pp♦ψqq
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Uniform Uncertain Model

U “ pW , R , tewuwPW , tpwuwPW q

S5-Kripke frame
S5 Axioms

ew : CF Ñ t0, 1u
classical evaluation

pw probability
distribution on W
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Semantics

(CF) }ϕ}U ,w “ ew pϕq

(CMF) }lψ}U ,w “ inft}ψ}U ,w 1 | wRw 1u

(PMF) }Ppψq}U ,w “
ř

tpw pw
1q | }ψ}U ,w 1 “ 1u

“
ř

tpw pw
1q | ew 1pψq “ 1u

}Pplψq}U ,w “
ř

tpw pw
1q | }lψ}U ,w 1 “ 1u

(UMF) }lPpψq}U ,w “ inft}Ppψq}U ,w 1 | wRw 1u
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Example

p, q, r : propositional variables

w1 |ù p, q, r

w2 |ù p, q, r

w3 |ù  p, q, r

w4 |ù p, q, r

w5 |ù  p, q, r

w1 w2 w3 w4 w5

p1 1/5 1/5 1/5 1/5 1/5
p2 1/3 1/3 1/3 0 0
p3 0 1/4 1/4 1/2 0
p4 0 1/3 0 1/3 1/3
p5 1/4 1/4 0 1/4 1/4

9



Example/II

p, q, r

p, ¬q, r

¬p, q, ¬r

p, ¬q, ¬r

¬p, ¬q, ¬r

U “ pW ,R , te1, . . . , e5u, tp1, . . . , p5uq

ϕ “ r Ñ pp ^ qq

}Ppϕq}U ,wi
“ pipw1q ` pipw3q ` pipw4q ` pipw5q

}Ppϕq}U ,w1 “ 4{5 and }Ppϕq}U ,w2 “ 2{3

}Pplϕq}U ,wi
“ pipw4q ` p1pw5q

}Pplϕq}U ,w1 “ 2{5 and }Pplϕq}U ,w2 “ 0

}Pplϕq}U ,wi
ď }Ppϕq}U ,wi

for all i ñ Pplϕq Ñ Ppϕq is valid in U
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Example/III

p, q, r

p, ¬q, r

¬p, q, ¬r

p, ¬q, ¬r

¬p, ¬q, ¬r

U “ pW ,R , te1, . . . , e5u, tp1, . . . , p5uq

ϕ “ r Ñ pp ^ qq

}lPpϕq}U ,wi
“ mint}Ppϕq}U ,wj

| wiRwju

}lPpϕq}U ,w1 “ mint}Ppϕq}U ,w1 , }Ppϕq}U ,w2 , }Ppϕq}U ,w3u “

“ mint4{5, 2{3, 3{4u “ 2{3

R is reflexive ñ lPpϕq Ñ Ppϕq is valid in U .
x Ñ y and z Ñ y imply, in  L, px ^ zq Ñ y

pPplϕq ^lPpϕqq Ñ Ppϕq

holds in U
11



System S5(FP( L))

(CPL) The axioms and rules of classical propositional logic for
formulas in CF.
(S5) The axioms of S5 applied to CMF.
(FP( L)) Axioms and rules of FP( L) for PMF formulas, i.e. the
axioms of  L and the axioms for the modality P and  Lukasiewicz
implication:

pP1q PpϕÑ ψq Ñ pPpϕq Ñ Ppψqq;
pP2q  Ppϕq ” Pp ϕq;
pP3q Ppϕ_ ψq ” rpPpϕq Ñ Ppϕ^ ψqq Ñ Ppψqs;
pNPq necessitation: from ϕ infer Ppϕq.

(S5( L)) Axioms and rules of S5( L) for UMF formulas.
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LF: the set of lower probability formulas is the smallest subset of
UMF that contains all basic formulas of the form lPpϕq for every
classical formula ϕ and that is closed under  L connectives.

Theorem
For every finite subset of formulas T Y φ Ď pLFq, the following
conditions are equivalent:

(i) T $S5pFPp Lqq φ

(ii) for all finite (universal) S5 probability model
U “ pW ,R , tewuwPW , tµwuwPW q with R “ W ˆW , }τ}U “ 1
for each τ P T implies }φ}U “ 1.
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Uncertainty Measure Key Axiom Modal Logic
Probability Additivity Ppϕq
Belief Functions 8-monotone Pplϕq
Lower Probabilities Super-additivity lPpϕq
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What is coherence?

Can we interprete, e.g., k-capacities?

Can we introduce Lower Belief Functions?

§ lPplϕq
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See you at the poster!
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Thank you!
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Definition (MV-Algebra)

An MV-Algebra is a structure of the form A “ pA,‘, , 1q where A
is a nonempty set, ‘ is a binary and  a unary operation on A, while
1 is a constant. pA,‘, 1q is a commutative monoid, and the following
equations are satisfied:

 p x ‘ yq ‘ y “  p y ‘ xq ‘ x ,

  x “ x .
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Definition (System for  L)

A Hilbert-style axiomatisation for  Lukasiewicz Logic is the following.

rTr s : pϕÑ ψq Ñ ppψ Ñ ξq Ñ pϕÑ ξqq
rWes : ϕÑ pψ Ñ ϕq
rExs : pϕÑ pψ Ñ ξqq Ñ pψ Ñ pϕÑ ξqq
r^-1s : pϕ^ ψq Ñ ϕ
r^-2s : pϕ^ ψq Ñ ψ
r^-3s : pξ Ñ ϕq Ñ ppξ Ñ ψq Ñ pξ Ñ pϕ^ ψqqq
r_-1s : ϕÑ pϕ_ ψq
r_-2s : ψ Ñ pϕ_ ψq
r_-3s : pψ Ñ ϕq Ñ ppξ Ñ ϕq Ñ ppψ _ ξq Ñ ϕqq
rLins : pϕÑ ψq _ pψ Ñ ϕq
rKs : K Ñ ϕ

rWajs : ppϕÑ ψq Ñ ψq Ñ ppψ Ñ ϕq Ñ ϕq
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Definition (Belief Function)

BFs on boolean algebras can be characterized in terms of mass
function m s.t.

mpHq “ 0
ř

X mpX q “ 1

Bpψq “
ÿ

XĎtαi |αiďψu

mpX q

Go Back
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Definition (Lower Probability/II)

A lower probability P on an algebra A is a monotone r0, 1s-valued
map satisfying:

(L1) PpJq “ 1, PpKq “ 0;

(L2) For all natural numbers n,m, k and all ψ1, . . . , ψn, if
ttψ1, . . . , ψnuu is an pm, kq-cover of pϕ,Jq, then
k `mPpϕq ě

řn
i“1 Ppψiq.

Definition (Lower Probability/III)

Let P be a set of probability functions on an algebra A. A lower
probability P on A with respect to P is a r0, 1s-valued map defined as
Ppψq “ inftPpψq : P P Pu.

Go Back
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Definition

The axioms of S5 are the following:

pCPLq Axioms of classical propositional logic;
pK q lpϕÑ ψq Ñ plϕÑ lψq;
pT q lϕÑ ϕ;
p4q lϕÑ llϕ;
pBq ϕÑ l♦ϕ.

Go Back

22


