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Motivation

Desirability /probability theory assumes linearity of the utility-scale in
which rewards are measured.

Miranda and Zaffalon: Casanova, Benavoli, Zaffalon:
1. gaining money is desirable; 1. classify nonnegative gambles as +1;
2. losing money is undesirable; 2. classify negative gambles as -1;
3. the value of money is measured on 3. the value of money is measured on
a logically consistent utility-scale a utility-scale represented by a
determined by a closure operator “nonlinear” classifier.

Are these approaches different/equivalent? What is the difference
between utility and utility-scale of a closure operator/classifier?
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Belief Structures (de Cooman 2005)

A map K : P(L) — P(L) is a closure operator on L if:
(K1-Extensiveness) A C K(A);

(K2-Monotonicity) if A C A’ then K(A) C K(A');
(K3-Idempotency) K(K(A)) = K(A).

A belief model is an element of A € P(L) and is closed if K(A) = A.

Definition
A belief structure is a triple B := (P(L), K,C) where
K :P(L) — P(L) is a closure operator

C is a consistency set.




Generalised Desirability Theories

Let B := (P(L), K,C) be a belief structure over L.
We call it a generalised almost-desirability theory (GADT for short)
whenever the following properties are satisfied:

(G1) K(Lg) = L{ is the minimal element of its
consistency set C, and in particular K(A) 2 £, for
every A € P(L)

) Korder <K,
3) K(A) € C if and only if K(A)N L™ = 0.

4/10 Conic hull Convex hull Pareto hull



Weak order/Utility = Classifier

A weak order = is a transitive and total binary relation.

We define the support function of a set A C L with respect to >

as the collection of all order-equivalence infima of A w.r.t. >:
s-(A):={heA|hzg Vg ecAl (1)

where A:={ge L| f =g, VfeA}. We then define the
support half-space of the set A # () as

S5.(A) ={gcL] grf, VFes(A) )
gglz..
& = 81 = &3,
93, s=(A)=g3, S-(A)={geLl: g>g}
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Closure Operators < Classifiers
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Let K be a closure operator over P(L), which satisfies dominance
(resp. continuity). Then there exists a family of order-preserving
(resp. order-continuous) weak-orders such that:

K(A) = [(S=i(A) U T), ©)

i€

for all A C L. Conversely, for any family {>;| i € Z} of
order-preserving (resp. order-continuous) weak-orders, and a
sequence (X; : i € Z) where each X; satisfies dominance (and is
continuous), the map x : P(L) — P(L) defined as

r(A) == (5= (A) U X)) (4)
i€eT
is a closure operator that satisfies dominance (resp. continuity)
and such that T = [,z Xi.



Closure Operators < Utility
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If > is an order-preserving order-continuous weak-order on L.
Then there is a non-decreasing order-continuous utility function
u : L — R that represents = and vice versa, that is

f=g iff u(f)>u(g).

This leads to the following equivalent definition of support
half-space:

Su(A) = {g €L] ui(g)=sup Ui(h)} " lge L] u(g)> ules))

heA

where A= {g € L | ui(f) > ui(g), Vf € A}. Hence, the
weak-order plays the role of the utility-scale associated to the
closure-operator Ss-..

By changing the utility function, we can derive different models of
nonlinear desirability proposed in literature.



Particular cases

Standard almost-desirability has linear-utility u;(g) := p,’ g, where
pi is a probability vector, leading to K(A) := (;cz(S=,(A) U Lg).

.-
.-
.-

Almost-desirability with convex-hull closure operator has also linear
utility:

.-
..
-
= i)

Sy (A) =

—N—

geL| ulg)> SUPUi(h)} )
heA
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Particular cases

Using Chebyshev-utility uj(g) := maxj—1, .., pjj(g — cjj) results in a
closure operator that only preserves the order of the vector-space:

Almost-desirability with utility u;(g) := ui(g) := p; (g — ¢;)¢:

for d = 3 (left) and d = 31 (right).

A lower prevision defines a single utility-function and a single

support half-space. Imprecision and utility blend in nonlinear
9/10 desirability.
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We now sccept Eurost

CLOSURE OPERATORS,
CLASSIFIERS AND
DESIRABILITY

By BENAVOLL EACCHINL ZAFFALON
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