
The L1 Wasserstein metric in W1(ℝ), the space of probability measures
with finite expectation is defined as w1(P,Q) = infℒ X =P,ℒ Y =QE[|X-Y|].

Its generalization to sets of probabilities is denoted by 𝒲1(𝒫,𝒬) and
agrees with the Hausdorff metric.

Denote by 𝒫1(ℝ) the set of all sets 𝒫 of probability measures such that
𝒫 is weakly compact,
For an arbitrary point r ∈ ℝ, limk→∞𝔼

𝒫[d(⋅, r)I{x∈ℝ:d r,x ≥K}]=0.

Denote by 𝒫1
c(ℝ) the subset of 𝒫1(ℝ) which contains only the convex

sets of probabilities.

Simulation design

Let P ∈ W1(ℝ). Then {P} is convex if and only if P is a degenerate
distribution.

Let P ∈ 𝒫1(ℝ). Then 𝐊𝒫1 ℝ 𝒫 = {δx: x ∈ [b 𝒫 , b 𝒫 ]}.

Let P ∈ 𝒫1(ℝ). Then d(ℒ n−1 ∑i=1
n Xi , {δx: x ∈ [b 𝒫 , b 𝒫 ]}) → 0

uniformly over all independent sequences Xn such that ℒ Xn ∈ 𝒫
for all n ∈ ℕ.

Strong law of large numbers: Let Γ be an integrable random
element of 𝒫1 (ℝ ). Let Γn be pairwise independent random
elements of 𝒫1 ( ℝ ) identically distributed as Γ . Then
𝒲1( n−1, Γi i=1

n , E(Γ)) → 0 almost surely.

Jensen’s inequality: Let φ:𝒫1(ℝ) → ℝ be a lower semicontinuous
function and midpoint convex. Let Γ be an integrable random

element of 𝒫1 (ℝ ) such that E φ Γ < ∞. Then φ E Γ ≤

E φ Γ .

Dominated convergence theorem: Let Γn, Γ be random elements of
𝒫1(ℝ) such that 𝒲1(Γn, {δ0}) ≤ g for some g ∈ L1 Ω,𝒜, P . If Γn →
Γ weakly then 𝒲1(E(Γn), E(Γ)) → 0.

Results

Let (𝔼,d) be a metric space with a convex combination operation which
for λ1,…, λn with ∑i=1

n λi=1 and any v1,…, vn ∈ 𝔼 produces an element
of 𝔼 denoted [λi, vi ]i=1

n

Assume that it satisfies:
(CC1) Commutativity,
(CC2) Associativity,
(CC3) Continuity,
(CC4) Negative curvature,
(CC5) Convexification, that is, for each v ∈ 𝔼, there exists
limn→∞[n

−1, v]i=1
n , which will be denoted by 𝐊𝔼(v)

Then (𝔼,d) is a convex combination space.

Sets of probability measures

Applications

Convex combination spaces

Co

W1(ℝ) is a convex combination space when endowed with the Wasserstein metric.

𝒫1(ℝ) = 𝒦(W1(ℝ)).

𝒫1(ℝ) is a convex combination space when endowed with the generalized Wasserstein metric.

𝒫1
c(ℝ) is a convex combination space as a subset of (𝒫1(ℝ), 𝒲1).

Convex combinations based on convolution
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