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Abstract

Traditionally the conjunction of conditional events has been defined as a three-valued object. However, in this way classical logical and probabilistic
properties are not preserved. In recent literature, the conjunction of two conditional events (A|H) A (B|K) defined as a five-valued object with set of
possible values {1,0,x,y, 2}, where x = P(A|H),y = P(B|K), and z = P[(A|H) A (B|K)| and satisfying classical probabilistic properties, has been
deepened in the setting of coherence. In our paper we propose a generalization of this object, denoted by (A|H) Aqp (B|K), where the values z and y
are replaced by two arbitrary values a,b € [0, 1].

Preliminaries Main Result
Conditional events and random quantities Definition 2
We denote by AH the conjunction of the events A (Given four events A’ B7 [{7 K) with H # %) and K # @7 and T N
and H. A conditional event A|H, with H # (J, is | | two values a,b € [0,1], we define the generalized conjunction
looked at as a three-valued logical entity w.r.t. a and b of the conditional events A|H and B|K as the A orhn

( True (1), if AH is true, following conditional random quantity My

AlH =< False (0), if AH is true, — — -
 Void, (z)  if H is true, (A\{{) Nab (BIK) = (AHBK—I— aHBK + bAH.K)\(H v K) =
1 (win), if A|H is true and B|K is true IV
where ¢ = P(A|H). Given a random quantity X 0 (lose), if A|H is false or B|K is false, 1
and an event H # (J, we set = < a (partly win), if A|H is void and B|K is true, o
_ b (partly win), if A|H is true and B|K is void,
X|H = XH+P(X|H)H. 2z (called off), if A|H is void and B|K is void, (a,0) = (z,y) = (.6,.7),
M = (z,y,2") = (.6,.7,.3),

Definition 1 (Gilio & Sanfilippo 2014) where z = P[(A|H) Aq (B|K)]. M’ b = (z,y,2") = (.6,.7,.6)

Given two conditional events A|H, B|K, with
P(A|H) = z, P(B|K) = vy, their conjunction is

= Theorem 1
defined as (A|H) A (B|K) = (AHBK + *tHBK +

yAHK)|(H v K), that is Let A, B, H, K be any logically independent events. A pre- .
1 AHBK et vision assessment M = (z,y, z) on the family of conditional
I o random quantities F = {A|H, (B|K), (A|H) Aqp (B|K)} is co-
0, it AH v BK is true, h ¢ if and onlv if 0.112 and Y h "
(A|H) A (BIK) = { =, if HBK is true. erent if and only if (z,y) € [0,1]° and z € |2/, 2|, where
Y, if 4I_I_K s true, r .. (a b - 0-4: ) = (1,0.8,0.3
|z, ifHKistrue, Z/:< (CE‘I_y—l)mln{E)gyl}) 1f37—|_y_1>07 (1) :\ S (14509
0, otherwise
where z = P[(A|H) A (B|K)|. By coherence
z € l[max{x + y — 1,0}, min{z, y}| (F-H bounds). and
" = maxc{ 2], 4, min{#, 2}}, 2)
] (a,b) = (.9,.3),
Imprecise Case where Moy = (2,9,2') = (.6,.7,.129),

Theorem 2 M" g = (z,y,2") = (.6,.7,.675)

[ x(b—ay) + y(a — bx
Let A = (|x1,x2] X [y1,y2]) be an interval-valued y : y ( y) +yl ), if (z,y) # (1,1),
: <1 = mm{aﬁ,y}, <y = \ 1 — LY
assessment on {A|H, B|K}. Then, the interval of 1, if (2, 4) = (1,1)
coherent extensions of A to (A|H) Aqp (B|K) is the - ’ Y
interval [z*,2z**] = [2'(x1,y1),2"(x2,y2)], where f
) »IL)s 21 1 —a)+ — r(b—y)+y(l—">5) .

2'(x,y) and 2" (x,y) are defined in (1) and (2), resp. I (1 —a)+yla—a) Jif v # 1, " b=y) +y ),lf y # 1,

1 Z3 = 4 1 —=x <4 = 1 —y

ng L 17 1f£lj — 17 17 1fy b 1

0.7 M, = (0.6,0.8,0.75)

J Further aspects
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Remark. When we assess P(A|H) = x and P(B|K) = y, from definitions 1 and 2 it holds that

0.3

0.2

(A[H) ray (BIK) = (A[H) ~ (B|K),

0.1

that is (A|H) Aq b (B|K) reduces to (A|H) A (B|K) when a = x and b = y. Moreover,
P[(A|H) Ay (B|K)] = P(AHBK|(H v K)) + P(A|H)P(HBK|(H v K)) + P(B|K)P(AHK|(H v K)).

0 0.2 0.4

A=1[.5,.6] x[.7,.8], [z*,2%*] = [.086, .75]

Interpretation

Let us consider two individuals O and O’. Suppose that O asserts P'(A|H) = a and P'(B|K) = b. Then,

The Case HK = ¢ Def. 2 Def. 1
(A|H) Aap (BIK) ™= (AHBK + aHBK + bAHK)|(H v K)™ = (A|H)A(B|K),
Theorem 3
Let an interval-valued probability assessment where (A|H)A'(B|K) denotes the conjunction, as in Def.1, w.r.t. O'. Thus, P'[(A|H) Aqp (B|K)| satisfies

A = ([,thng] X [yl,yz]) on {A ]—]73‘[(}7 with the Fréchet-Hoeffding, that is:
HK = ¢, be given. Then, the interval of co-
herent extensions of A to (A|H) Aqp (B|K) is

[2%, 2**] = [min{ay1, bx1 }, max{ays, bra}]. Now, suppose that O asserts P(A|H) = z and P(B|K) = y. Then, for the individual O, the lower and upper
bounds z" and 2" on (A|H) Aap (B|K) computed by Theorem 1, represent the lower and upper bounds for
the coherent extension P[(A|H)A'(B|K)] of the assessment (x,vy) on {A|H, B|K}. Therefore,

P(A|H) rnap (B|K)| =P [(A|H)A(B|K)| € [max{a + b — 1,0}, min{a, b}].

PI(AIH) nap (BIK)] = PL(A[H)A(B|K)] # P[(A|H) A (B|K)] = P[(A|H) Azy (B]K)].
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