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Definition 

Given two events  and , the conditional event  is a three-valued logical entity which is 
True when  is true, False when  is true and Void when  is true.

A H ≠ ∅ A |H
AH ĀH H̄
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THREE-VALUED LOGICS
Definition 

Given two conditional events ,  and a coherent probability assessment , 
, the conjunction  is defined as the following conditional random quantity 

                                            

A |H B |K P(A |H) = x
P(B |K) = y (A |H) ∧ (B |K)

(A |H) ∧ (B |K) = (AHBK + xH̄BK + yAHK̄) | (H ∨ K)

(McGee 1989, Gilio and Sanfilippo, 2014)
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Conjunction
Definition 

Given two conditional events ,  and a coherent probability assessment , , the conjunction  is 
defined as the following conditional random quantity   , where .

A |H B |K P(A |H) = x P(B |K) = y (A |H) ∧ (B |K)
(A |H) ∧ (B |K) = (AHBK + xH̄BK + yAHK̄) | (H ∨ K) z = ℙ((A |H) ∧ (B |K))

The probabilistic properties are consistent with the results obtained in the field of conditional Boolean algebras 
(Flaminio, Godo, Hosni 2020; Flaminio, Gilio, Godo, Sanfilippo  2023).  
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Definition
Given four events , with   and , and  two 
values  ,   we define the generalized conjunction w.r.t. 

 and  of the conditional events  and   as the following 
conditional random quantity 

A, B, H, K H ≠ ∅ K ≠ ∅
a, b ∈ [0,1]

a b A |H B |K

(A |H) ∧a,b (B |K) = (AHBK + aHBK + bAHK ) | (H ∨ K) .

That is

where .z = ℙ[(A |H) ∧a,b (B |K)]
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(Brand new!)

 Fréchet-Hoeffding bounds for 
the conjunction 

 

where  and .

[max{x + y − 1,0}, min{x, y}]

x = P(A |H) y = P(B |K)

4



Theorem
 Let  be any logically independent events. A prevision assessment  on the family of 
conditional random quantities  is coherent if and only if  and 

, where

A, B, H, K ℳ = (x, y, z)
ℱ = {A |H, B |K, (A |H) ∧a,b (B |K)} (x, y) ∈ [0,1]2

z ∈ [z′ , z′ ′ ]

z′ =
, if  (x + y − 1) ⋅ min{

a
x

,
b
y

,1} x + y − 1 > 0

, otherwise;0
z′ ′ = , max{z′ ′ 1, z′ ′ 2, min{z′ ′ 3, z′ ′ 4}}

where

,z′ ′ 1 = min{x, y}
z′ ′ 2 =

, if , 
x(b − ay) + y(a − bx)

1 − xy
(x, y) ≠ (1,1)

, if , 1 (x, y) = (1,1)

z′ ′ 3 =

, if , 
x(1 − a) + y(a − x)

1 − x
x ≠ 1

, if , 1 x = 1 z′ ′ 4 =
, if , 

x(b − y) + y(1 − b)
1 − y

y ≠ 1

, if . 1 y = 1
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Theorem (Convex-Hull of the points )Qi
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Theorem (Convex-Hull of the points )Qi

(a, b) = (x, y) = (0.6,0.7)

ℳ′ = (x, y, z′ ) = (0.6,0.7,0.3)

ℳ′ ′ = (x, y, z′ ′ ) = (0.6,0.7,0.6)
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Theorem (Convex-Hull of the points )Qi

(a, b) = (0.9,0.3) ≠ (x, y)

ℳ′ a,b = (x, y, z′ ) = (0.6,0.7,0.129)

ℳ′ ′ a,b = (x, y, z′ ′ ) = (0.6,0.7,0.675)
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What about specific 
values of a and b?
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What about specific 
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Quasi conjunction: a=b=1

8



where .z = ℙ[(A |H) ∧1,1 (B |K)]

Quasi conjunction: a=b=1
Lower and Upper bounds
(Gilio 2012)
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Imprecise Case Theorem: 

 Let 𝐴, 𝐵, 𝐻, 𝐾 be any logically independent 
events and let  be an 
interval-valued assessment on 

. Then, the interval of 
coherent extensions of  to 

 is the interval 
, where 

𝒜 = ([x1, x2] × [y1, y2])

{A |H, B |K}
𝒜

(A |H) ∧a,b (B |K)
[z*, z**] = [z′ (x1, y1), z′ ′ (x2, y2)]

(a, b) = (0.9,0.3) 9



the case HK = ∅
Theorem: 

 Let  two conditional events with 
. An interval-valued assessment 

 on  
 is coherent if 

and only if   and , where  

 and 

A |H, B |K
HK = ∅
𝒜 = ([x1, x2] × [y1, y2])
ℱ = {A |H, B |K, (A |H) ∧a,b (B |K)}

(x, y) ∈ [0,1]2 z ∈ [z*, z**]

z * = min{ay1, bx1} z** = max{ay2, bx2} .

(a, b) = (0.9,0.3)

Imprecise Case:
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Come to visit 
our poster!
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