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Definition

Given two events A and H # @, the conditional event A | H is a three-valued logical entity which is
True when AH is true, False when AH is true and Void when H is true.
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THREE-VALUED LOGICS

Kleene-de Finetti, Lukasiewicz, Bochvar, Sobocinski
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Given two events A and H # @, the conditional event A | H is a three-valued logical entity which is
True when AH is true, False when AH is true and Void when H is true.
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Definition (McGee 1989, Gilio and Sanfilippo, 2014)

Given two conditional events A | H, B | K and a coherent probability assessment P(A |H) = x,
P(B|K) =y, the conjunction (A|H) A (B|K) is defined as the following conditional random quantity

(A|H) A (B|K) = (AHBK + xHBK + yAHK) | (H V K)



Conjunction

1, if AHBK is true,

0, if AH v BK is true,
v, if HBK is true,

y, if AHK is true,

2, if H K is true,

(A|H) A (BIK) =




Conjunction

1, if AHBK is true,

0, if AH v BK is true,
v, if HBK is true,

y, if AHK is true,

2, if H K is true,

N Lt Live Valaed

(A|H) A (BIK) =




Conjunction

1, if AHBK is true,
0, if AH v BK is true,
v, if HBK is true,
y, if AHK is true,

/ z, if H K is true,
o ~ &-‘.

Ton & N Lbs Live eloed |

Socbis®
P.ro Qe&"('l eSS




Definition

Given two conditional events A | H, B| K and a coherent probability assessment P(A|H) = x, P(B|K) =y, the conjunction (A|H) A (B|K) is
defined as the following conditional random quantity (A|H) A (B|K) = (AHBK + xHBK + yAHK) |(H V K), where z = P((A|H) A (B| K)).

1, if AHBK is true,

0, if AH v BK is true.
(A|H) A (B|K) = { =z, if HBK is true,

y, if AHK is true.
>, if H K is true.
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The probabilistic properties are consistent with the results obtained in the field of conditional Boolean algebras
(Flaminio, Godo, Hosni 2020; Flaminio, Gilio, Godo, Sanfilippo 2023).









Definition

Given four events A,B,H, K, with H# @ and K # @, and two
values a,b € [0,1], we define the generalized conjunction w.r.t.
a and b of the conditional events A|H and B|K as the following
conditional random quantity

(A|H) A,, (B|K) = (AHBK + aHBK + bAHK) | (H V K).

» (B|K) = (AHBK + « HBK + bAHK)|(H v K) =
if A|H is true and B|K is true
if A|H is false or B|K is false,
if A|H is void and B|K is true,
if A|H is true and B|K is void,
if A|H is void and B|K is void,

where z = P[(A|H) A, (B|K)].
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Theorem

Let A, B, H, K be any logically independent events. A prevision assessment ./ = (x,y,z) on the family of
conditional random quantities # = {A|H,B|K,(A|H) A,;, (B|K)} is coherent if and only if (x,y) € [0,1]? and
z € [7,7"], where

a b
x+y—-1)-mmn{—,—,1},if x+y—1>0 .
7 = Xy 7" = maX{zi’, zé’, min{zs, ZZ{}},

0, otherwise;

b—ay) + y(a — b
where X ayl)_ xyy(a x), if (x,y) # (1,1),

z{ = min{x, y}, 1, if (x,y) = (1,1),

1 —a)+ y(a -
-a+ya=-n . x(b—y)+y(1-b)
1_x ,|fy;é15
/N 1_y
Z3_ //

1 ifx=1, 4

1, ify=1.
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Let A, B, H, K be any logically independent events. A prevision assessment ./ = (x,y,z) on the family of
conditional random quantities # = {A|H,B|K,(A|H) A,;, (B|K)} is coherent if and only if (x,y) € [0,1]% and

z € [7,7"], where

b
(x+y—1)-min{—=, 21}, if x+y—1>0
Z, x y Z// —

0, otherwise;

max{z/,z,, min{zs, z, } },

x(b — ay) + y(a — bx)

where i (x,y) £ (1,1),
7 l_xy
° Z2 -
z{ = min{x, y}, 1, if (x,y) = (1,1),
1 —a)+ y(a—
M-atya=-9 . (b —y)+y(1—b)
| — ,ify # 1,
y 1=y
3= _ Z4 =
1, ifx=1, 4

1, ify=1.

Case 7
A):x+y—-1<0 0
B):x+y-1>0

Sub-cases:
(B.1):a>xand b > vy x+y—1
(B.2):a < x and £ < % “(x+y-1)
(B.3):b<yand§ < < %(x+y—1)

Case

/7

<

(9

a(l—-y)+b(1—-x)>1—-xy

/1’ __

2

x(b—ay)+y(a-bx)

l-xy

(D)

a(l=y)+b(l—-x)<1-xy

Sub-cases:
x<yanda <x

x<yanda > x
y<xandb <y

y<xand b >y

/7’ __

3

/7

4

7y =x
x(l-a)+y(a—x)
., l—x
Zl =Yy
_ x(b=y)+y(l-b)
-y
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Theorem (Convex-Hull of the points ()
CASE o=X b~y

// (a.b) = (x,y) = (0.6,0.7)

1 - Q= (LL1) 2 (y.2) = (0.6.0.7.03)
0.9 - M= (x,y,7") = (0.6,0.7,0.6)
0.8 —
0.7 —

0.6 —

0.5 —

0.4 —

0.3 -

0.2 —

0.1 — é
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0.9 —

0.8 —

0.7 —

0.6 —

0.5 —

0.4 —

0.3 —

0.2 —

0.1 —

CASE o fF X bty

-

(a,b) = (0.9,0.3) # (x,y)
My p = (x,¥,2") =(0.6,0.7,0.129)
M p = (x,y,7") = (0.6,0.7,0.675)
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Quasi conjunction: a=b=1




Quasi conjunction: a=b=1

(A|H) A1 (BIK) = (AHBK + HBK + AHEK)|(H v K) =

)

1 (win), if A

0 (lose), if A

=< 1 (win), it A
1 (win), if A

z (called off), if A

H is true and B|K is true
H is false or B|K is false,

H is void'and B
H is true and B
H is void and B

where z = P[(A|H) A (B|K)].

K is true,
K is void,
K is void,

(Gilio 2012)
Lower and Upper bounds

Zg = max{x+y—1,0}

-2 .
' xﬁy_xyxy, if (x,y) # (1, 1)
1, if (x,y) =(1,1).



Quasi conjunction: a=b=1

(AlH)

1,1
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(B|K) = (AHBK + HBK + AHK)|(H v K) =

W1I1

), it A
e), if A
win), it A

win), if A
called off), if A

where 7z =

H is true and B|K is true
H is falsejor B|K is false,

H 1is void'and
H 1s true and

H 1s void and

PI(A|H) Ay (BIK)]

B
B
B

K 1is true,
K is void,
K 1is void,

(Gilio 2012)
Lower and Upper bounds

Zg = max{x+y—1,0}

-2 .
xﬁy_xyxy, if (x,y) # (1,1)

1, if (x,y) =(1,1).
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Traditionally the conjunction of conditional events has been defined as a three-valued object. However, in this way classical logical and probabilistic
properties are not preserved. In recent literature, the conjunction of two conditional events (A|H) » (B|K) defined as a five-valued object with set of
possible values {1,0,x,y, z}, where « = P(A|H),y = P(B|K), and z = P[{A|H) » (B|K)] and satisfying classical probabilistic properties, has been
deepened in the setting of coherence. In our paper we propose a generalization of this object, denoted by (A|H) Aqp (B|K), where the values © and y
are replaced by two arbitrary values a,b € [0, 1].

Conditional events and random quantities Definition 2

We denote by A/l the conjunction of the events A Given four events A, B, I, K, with If # ¢ and K # 4, and

and H. A conditional event A'|H , Wi'fh H# @, is | | two values a,b € [0,1], we define the generalized conjunction
looked at as a three-valued logical entity w.r.t. a and b of the conditional events A/H and B|K as the
True (1), if AH is true, following conditional random quantity
A|H ={ False it AH is true . -
! Nold ‘((;)) £ H e (AH) Ay (B|IK) = (AHBK + «HBK + bAHEK)|(H v K) =
' ' 1 (win), if A|H is true and B|K is true
where © = P(A|H). Given a random quantity X 0 (lose), it A|H is false or B|K is false,
and an event H # (, we sct =< o (partly win), if A//] is void and B|K is true,
B — b (partly win), il A/II is true and B|K is void,
X|H = XH +PX|IH. = (called off),  if A|H is void and B|K is void, (a,) = (2.y) = (6,.7),
M = (x.y,2") = (6..7,.3),
Definition 1 (Gilio & Sanfilippo 2014) where z = B[(A[H) A,y (BIK)). M= (2,y.2") = (6,.7,.6)
Given two conditional events A|H, B|K, with
P{A|H) = =z, P(B|K) = y, their conjunction is Theorem 1

defined as (A|H) A (B|K) = (AHBK + «HBK +
yAHK)|{H v K), that is Let A, B, H, K be any logically independent events. A pre-

1 if AHBK is trac vision assessment M = (z,y,2) on the family of conditional
- g random quantities F = {A|H, (B|K), (A|H) rap (B|K)} is co-
0, if AH v BK is true, herent, if and only if (x 0.112 and N
(A[H) A (BIK) = { « il [IBK is true, rerent il and only if (2, y) € [0,1]% and =z € [z, 2"], where
y, if AHK is true, . .
Z’ if /K is true, z,={(m+y—1)-mln{f‘;,§,l}, ifrty - 1=0, (1)
0, otherwise
where 2z = F[(A|H) » (B|K)]. By coherence
z € [max{z + y — 1,0}, min{x, y}] (F-H bounds). and
: 2" = max{z{, 23, min{z5, 2i’}}, (2)

(al b) = ('9| '3)v

M5 = (zy,2") = (6,.7,.675)

Theorem 2
2(b— at ula — bs

Let A = ([x1,22] x [y1.y2]) be an interval-valued PRI " b= ay) +yle x), if (z,y) # (1,1),

. z2{ = min{x,y}, 25 = 1 —xy

assessment on {A|H, B/K'}. Then, the interval of 1, if (z,y) = (1,1)

coherent extensions of A to (A|H) Aau (B|K) is the ' ’ T

interval [z*,2**] = [2'(z1,11), 2" (z2,92)], where b

3 ) » ) o o — + 1 . b
#(z,y) and 2" (z, y) arc defined in (1) and (2), resp. P S L ) T T ooy tyd=b) oy
v N Zy = 1—ux zZy = 11—y
. 1, ife =1, 1, ify=1.

Remark. When we assess P(A|I) =« and P(B|K) =y, from delinitions 1 and 2 it holds that

(AIH) rey (BIK) = (A|H) ~ (B|K),

that is (A|H) Aaw (B K) reduces to (A|H) » (B|K) when a = z and b = y. Morcover,
F[{(A|H) As, (B|K)] = P(AHBK|(I v K)) + P(A H)P(IIBK|(I v K)) + P(B|K)P(AHK|(H v K)).

Y a3 e o

A=[5,6] x [.7. 8], [2*, 2**] = [.086,.75] Intepretation

Let us consider two individuals O and O'. Suppose that O’ asserts P'(A|H) = a and ?'(B|K) = b. Then,

Def. 2 Def. 1
~ TheCaseHK-g A8 s B1R) ZE A B+ oK bAHENE 1) A (818,

Theorem 3
Let an interval-valued probability assessment where (A|H)A'(B|K) denotes the conjunction, as in Def.1, w.r.t. O, Thus, F'[(A|H) Aqp (B K)] satisfies

A = ([;El’ $2] X [yl, yz]) on {AlH‘ BlK}’ Wi‘,ll the Fréchct:—HOCﬂ‘ding, that is:
K = 7, be given. Then, the interval of , . , , .
- eg eus‘ij::e;} 4 tf"( A 1;) ‘: f: ‘( B|(.;()cci); F[(A|H) Aan (BK)] = 2'[(A|H)A"(B|K)] € [max{a + b— 1,0}, min{a, b}].

[2*, 2**] = [min{ay;, bx1 }, max{ays, bxa}]. Now, suppose that O asserts P(A|H) = x and P(B|K) = y. Then, for the individual O, the lower and upper
bounds =" and z” on (A|H) A, (B|K) computed by Theorem 1, represent the lower and upper bounds for
the coherent extension F[{A|H)~"(B|K)] of the assessment {x,y) on {A|H, B|K}. Therefore,

FI(A[H) Aap (]?IK)] = F[(AIH) A" (BIK)] # F[(A|H)A(B|K)| = F[(A|H) Ay (BIK)].

Comwe ko vis
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Traditionally the conjunction of conditional events has been defined as a three-valued object. However, in this way classical logical and probabilistic
properties are not preserved. In recent literature, the conjunction of two conditional events (A|H) » (B|K) defined as a five-valued object with set of
possible values {1,0,x,y, z}, where « = P(A|H),y = P(B|K), and z = P[{A|H) » (B|K)] and satisfying classical probabilistic properties, has been
deepened in the setting of coherence. In our paper we propose a generalization of this object, denoted by (A|H) Aqp (B|K), where the values © and y
are replaced by two arbitrary values a,b € [0, 1].

Conditional events and random quantities Definition 2

We denote by Al the conjunction of the events A Given four events A, B, H, K, with I # & and K # 4, and R

“Hz L

and H. A conditional event A'|H , Wi'fh H# @, s | | two values a,b € [0,1], we define the generalized conjunction
looked at as a three-valued logical entity w.r.t. a and b of the conditional events A/H and B|K as the
True (1), if AH is true, following conditional random quantity “
A = False il AH is true — — -
! Nold ((‘i)) §F st (A|H) Any (B|K) = (AHBK + «HBK + bAHK)|(H v K) = =
' ' 1 (win), it A/H is true and B|K is true o
where & = P(A|H). Given a random quantity X 0 (lose), it A|H is false or B|K is false, Ve
and an cvent H # &, we sct =< o (partly win), if A//] is void and B|K is true, L
- - b (partly win), il A/II is true and B|K is void,
X|H = XH +P(X|H)H. = (called off),  if A is void and B|K is void, (a.0) = (z.) = (:6,.7),
M = (@,y,2") = (6,.7,.3),
Definition 1 (Gilio & Sanfilippo 2014) where z = B[(A[H) A,y (BIK)). M= (2,y.2") = (6,.7,.6)
Given two conditional events A|H, B|K, with
P{A|H) = z, P(B|K) = y, their conjunction is Theorem 1

defined as (A|H) A (B|K) = (AHBK + «HBK +
yAHK)|{H v K), that is Let A, B, H, K be any logically independent events. A pre-
vision assessment M = (z,y,2) on the family of conditional

1, if AHBK is true, L. - ’ : .
0 if AH v BK is truc. random quantities F = {A|H, (B|K), (A|H) rap (B|K)} is co-

(A|H) A (BIK) =4 =, il HBK is true herent if and only if (x,y) € [0,1]% and =z € [, 2"], where
y, if 41-!_1? is true, . b .
5, il HK is true, S (:z:+y—1).m1n{%,i‘-,l}, 1f1'+y‘—1>0, (1)
0, otherwise

where 2z = F[(A|H) » (B|K)]. By coherence
z € [max{z + y — 1,0}, min{x, y}] (F-H bounds). and
L

" = max{zy, 23, min{z3, 24 }}, (2)

(a,b) = (.9,.3),

Theorem 2 M5 = (zy,2") = (6,.7,.675)

x(b—ay) + yla — bx) i

Let A = ([x1,22] x [y1.y2]) be an interval-valued (z,y) # (1,1),

wo_ i " _ —
assessment on {A|H, B|K}. Then, the interval of A = win{z,y}, 2 1, if ( Iy) :!il 1)
coherent extensions of A to (A|H) Aaw (B|K) is the ' ’ T
interval (2%, 2%%] = [2/(z1,51), 2" (x2,92)], where

z(l—a) +yla—z) (b —y) +y(l-b)
T — 2 JAfa #1, o = 1=y
1, ifr=1, 1, ify = 1.

Remark. When we assess P(A|I) =« and P(B|K) =y, from delinitions 1 and 2 it holds that

Jdfy # 1

Z'{x, y) and 2"(x, y) arc defined in (1) and (2), resp.

o
w3
Il

(AIH) rey (BIK) = (A|H) ~ (B|K),

P % 2.7.00%0) that is (A|H) Aau (B K) reduces to (A|H) ~ (B|K) when a = 2 and b = y. Morcover, -
P F[{(A|H) As, (B|K)] = P(AHBK|(I v K)) + P(A H)P(IIBK|(I v K)) + P(B|K)P(AHK|(H v K)).

o 1

— N — =

Y a3 e o

A=[5,6] x [.7. 8], [2*, 2**] = [.086,.75] Intepretation
.

Let us consider two individuals O and O'. Suppose that O’ asserts P'(A|H) = a and ?'(B|K) = b. Then,

Def. 2 Def. 1
 TheCase HK-g ) o (510 22 AR + oK + 0 v ) S 81K,

Theorem 3
Let an interval-valued probability assessment where (A|H)A'(B|K) denotes the conjunction, as in Def.1, w.r.t. O, Thus, F'[(A|H) Aqp (B K)] satisfies

A = ([z1.22) % [y1,2]) on {A|H, BIK}, with | | the Fréchet-Hocffding, that is:
K = 7, be given. Then, the interval of , . , , .
- eg eu;j:;’e;} 4 t‘:"( A I;)I:::\( Bl(;()cci:: F[(A|H) Aan (BK)] = 2'[(A|H)A"(B|K)] € [max{a + b— 1,0}, min{a, b}].

[2*, 2**] = [min{ay,, bay }, max{ays, ba}]. Now, suppose that O asserts P(A|H) = x and P(B|K) = y. Then, for the individual O, the lower and upper
bounds =" and z” on (A|H) A, (B|K) computed by Theorem 1, represent the lower and upper bounds for
the coherent extension F[{A|H)~"(B|K)] of the assessment {x,y) on {A|H, B|K}. Therefore,

FI(AIH) Aap (]?IK)] = F[(AIH) A" (BIK)] # F[(A|H)A(B|K)| = F[(A|H) Ay (BIK)].
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Traditionally the conjunction of conditional events has been defined as a three-valued object. However, in this way classical logical and probabilistic
properties are not preserved. In recent literature, the conjunction of two conditional events (A|H) » (B|K) defined as a five-valued object with set of
possible values {1,0,x,y, z}, where « = P(A|H),y = P(B|K), and z = P[{A|H) » (B|K)] and satisfying classical probabilistic properties, has been
deepened in the setting of coherence. In our paper we propose a generalization of this object, denoted by (A|H) Aqp (B|K), where the values © and y
are replaced by two arbitrary values a,b € [0, 1].

Conditional events and random quantities Definition 2

We denote by Al the conjunction of the events A Given four events A, B, H, K, with I # & and K # 4, and S -

“Hz L

and H. A conditional event A.|H ) Wi'fh H#d, is two values a,b € [0,1], we deline the generalized conjunction
looked at as a three-valued logical entity w.r.t. a and b of the conditional events A|/H and B|K as the  *
True (1), if AH is true, following conditional random quantity 1
AlH = False il AH is true — . -
! Voia O H (A|H) Ay (BIK) = (AHBK + oI BK + bAHEK)|(H v K) = -
’ ' 1 (win), it A/H is true and B|K is true ]

where z = P(A|H). Given a random quantity X 0 (lose), it A/H is falsc or B|IK is false, ST

and an event H # &, we sct =< a (partly win), if A/ is void and B|K is true, <
B ~ b (partly win), il A/II is true and B|K is void,
X|H = XH +P(X|H)H. > (called off),  if A|H is void and B|K is void, (a.0) = (z.) = (:6,.7),
M = (z,y,2") = (.6,.7,.3),
Definition 1 (Gilio & Sanfilippo 2014) where z = P[(A|H) A,y (B|K)). My = (2,9, 2") = (6,.7,.6)

Given two conditional events A|H, B|K, with
P{A|H) = z, P(B|K) = y, their conjunction is
defined as (A|H) A (BIK) = (AHBK + «HBK +
yAHK)|{H v K}, that is Let A, B, H, K be any logically independent events. A pre-

Theorem 1

1 if AHBK is trac vision assessment M = (z,y,2) on the family of conditional
0‘ i AH v BK is tr:uc. random quantities F = {A|H, (B|K), (A|H) e (BIK)} is co-
(A A (BIK) = l" il IBK is true, herent if and only if (x,y) € [0,1]% and =z € [, 2"], where
Z: :f g"}f&:ﬁ:" . { (@ +y-1) min{2 &1}, ifz+ y-1>0, )
0, otherwise
where 2z = F[(A|H) » (B|K)]. By coherence
z € [max{z + y — 1,0}, min{x, y}] (F-H bounds). and
‘ 2" = max{z}, z5, min{z3, zy } }, (2)

(a,b) = (.9,.3),

My = (zy, 2") = (.6,.7, 675
Theorem 2 M" iy = (z,y,2") = (.6,.7,.675)
z(b— ay) + yla — bx)

Let A = ([z1,22] % [y1.y2]) be an interval-valued cif (yy) # (1,1),

wo_ " _ -
assessment on {A|H, B|K}. Then, the interval of A = minfe, g}, 2 1, if ( Iy) :?il 1)
coherent extensions of A to (A|H) Aaw (B|K) is the ' ’ T
interval (2%, 2%%] = [2/(z1,51), 2" (x2,92)], where

z(l —a) + yla — )
Z;';'= 1—ux
1, ifx =1,

bh— 1-b6

,if:z;;él, "o_ I( y)+y( )
= I—y

1, ify=1.

Jdfy # 1

Remark. When we assess P(A|I) =« and P(B|K) =y, from delinitions 1 and 2 it holds that

(AIH) rey (BIK) = (A|H) ~ (B|K),

that is (A|H) Aau (B K) reduces to (A|H) ~ (B|K) when a = 2 and b = y. Morcover, -
F[{(A|H) As, (B|K)] = P(AHBK|(I v K)) + P(A H)P(IIBK|(I v K)) + P(B|K)P(AHK|(H v K)).

Intepretation

L.A = [.5..6] x [.7..8], [2*, 2**] = [.086,.75]

Let us consider two individuals O and O'. Suppose that O’ asserts P'(A|H) = a and ?'(B|K) = b. Then,

Def. 2 Def. 1
 TheCase HK-g ) o (510 22 AR + oK + 0 v ) S 81K,

Theorem 3
Let an interval-valued probability assessment where (A|H)A'(B|K) denotes the conjunction, as in Def.1, w.r.t. O, Thus, F'[(A|H) Aqp (B K)] satisfies

A = ([z1.22) % [y1,2]) on {A|H, BIK}, with | | the Fréchet-Hocffding, that is:
K = 7, be given. Then, the interval of cc , . , , .
- eg eusei(f::e;} 4 t‘:“( A I;)‘::’:‘( Bl(;()ai:: F[(A|H) Aan (BK)] = 2'[(A|H)A"(B|K)] € [max{a + b— 1,0}, min{a, b}].

L[Z"’s 2**] = [min{ayy, by}, max{ays, bra}]. ) | Now, suppose that O asserts P(A|H) = x and P(B|K) = y. Then, for the individual O, the lower and upper
bounds 2" and z"” on (A|H) A, (B|K) computed by Theorem 1, represent the lower and upper bounds for
the coherent extension F[{A|H)~"(B|K)] of the assessment {x,y) on {A|H, B|K}. Therefore,

FI(AIH) ~ap (I?IK)] = F[(AIH) A" (BIK)] # F[(A|H)A(B|K)| = F[(A|H) Ay (BIK)].




