A modal logic for uncertainty: a completeness theorem
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Uncertainty Measures tukasiewicz Logic Modal Logic

Axioms System: S5 Kripke model:
Lower (L1) o — (¢ — p); Var : countable set of propositional variables

Probabilities (L2) (p =) = (v — x) = (¢ — X)); . modal operator
(L3) (—p — =) = (¥ — ¥); K = (W, R, {ewfwew)
(L4) ((p = Y) > ) = (Y — p) = ). for every w € W, e, is a classical evaluation:

Belief \ + Modus Ponens lolicw = ewle)
Functions Standard MV-algebra:

Tl = 1 iff for each w’ € W, wRw' implies e,y(p) =1
0, arv = ([0,1], @, =, 1) Axioms System for S5:

a®b=min{l,a+ b} (CPL) Axioms of CPL;
—a=1-a (¢ =) = ([Op — [W);
Standard Semantics: (T) O — ¢
Plausibility e(p @) = min{l,e(p) + e()}; (4) Op — ©;
Functions —p)=1-— e(gp)' (B) ¢ — 0.
ce(¥)}; S5t Kripke model: ¢, evaluates tukasiewicz (non-modal) formulas

&) = maX{O 6( ) +e(y) — 1} into the standard MV-algebra |0, 1|y
w) — maX{e( )76(¢)}7 H SOHIC — jnf{e /(gp) | wal}
) = min{l — e(p) + e(¥), 1}. . '

Axioms System for SbHt.:

Probability

Upper
Probabilities

1) e — ¢;

(¥ — @) = (¥ = Op);
(W v )= (¥ v )
01) Olpkp) = Gp&lw;
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The language £ p S5 Probability Models

)

Z language of tukasiewicz logic over finitely many (say n) propositional variables. An 55 probability model is a tuple

Z.p: the expansion of £ by two additional unary modalities: [] and P. U= (W, R, {ew}wew, {Puwtwew)
1. (W, R, {ew}wew) is a classical S5-Kripke model;
CF: The set of classical formulas. Those are definable in £ from variables, constants T and L, and the 2. For all w e W, p,, is a probability distribution on W and 1, the probability function on 2" induced by p,,.

connectives A, Vv, —.
(1) If ¢ € CF, then ||y = ew(p);

B0 oy . (2) If ¢ € CMF, then whenever o = [{) we have
CMF: The set of classical modal formulas is defined by closing CF by the unary modality [] as usual in a | /
modal |anguage_ HSOHU,@U — H ¢HU,w — mf{H@bHU,w’ | wRw }
Ex: T, @ — [, Clp A O, Ol A O) If © is compound, then |||/, is computed by truth-functionality using classical connectives.
(3) If ¢ € PMF and ¢ is atomic, i.e., ¢ = P(¢)) with ¢» € CMF, then

PMF: The set of probabilistic modal formulas is obtained by the following two steps:

lelletw = 1P () 1w = Z{pw ) | ] = 13-

If © € PMF and is compound, then its truth-value is computed by truth-functionality using tukasiewicz

1. Atomic probabilistic formulas are all those in the form P(y) for ¢ € CMF,;

Ex: P(p — V) -
connectives.
2. Compound probabilistic formulas are defined by composing atomic ones with connectives of the tukasiewicz (4) If o € UMF and ¢ = [T, and thus with ¢ € PMF, then

[l = IO e = mf{][ g | wRwW'S.
Ex: [OP () uw = inf{]| P(¢) e | wRw'} = inf{pw({w” € W [$logw = 1}) | wRw'}

language.

Ex: P(p) — P(Y)

UMPF: Finally, the set of uncertainty modal formulas is the smallest set of formulas that contains PMF and

is closed under [] and connectives of tukasiewicz logic.

Ex: P (), OP(p) — P(OY), O(P(e) — P(Ov)), D(OP(p) — P(OY))

System S5(FP(t))

(CPL) The axioms and rules of classical propositional logic for formulas in CF.

(S5) The axioms of S5 applied to CMF.
(FP(L)) Axioms and rules of FP(Lt) for PMF formulas, i.e. the axioms of £ the axioms for the modality P

and tukasiewicz implication:
(P1) P(p — 1) — (P(e) = P(¥));

Example (P2) =P(p) = P(—9);
P (P3) Ple vy)=[(P(p) = Pleny)) = P)]

N P) necessitation: from ¢ infer P(¢p).

LF: the set of lower probability formulas is the smallest subset of UMF that contains all basic formulas of the

form [JP(¢p) for every classical formula ¢ and that is closed under tukasiewicz connectives.

Ex: (0P — [Py or =[Py

P: g, three propositional variables (S5(t)) Axioms and rules of S5(t) for UMF formulas.
Wy
w2
W= P, T e & & Lower Probability Model
w, = p1/1/51/51/51/51/5 y
L g 21/31/31/3 0 0
wj gy P30 1/41/41/2 0 ;/. NE& M = (W, {ew}uer P)
ws = ﬁ’p ;C] o py 0 1/3 0 1/3/1/3 ¥ P: lower probability on 2"
p>/1/41/4 0 [1/4/1/4 Wa *) OP(©)|p = P({w | eulp) = 1})
the evaluation extends to compound formulas in LF by truth-functionality using tukasiewicz connectives.
foralli=1,...,5 | P(CI0) ||t w;, = pilwy) + pi(ws)
P ot = mind 1Pt [P et | P ot} = minf4/5,2/3,3/4} = 2/3 Completeness Theorem
For every finite subset of formulas T U ¢ < (LF), the following conditions are equivalent:
wy | wy | w3 | wy | w
Pl 4/52/3 3/4 2/3 3 W Fssrre) ¢
IT¢lyw, |0 00 1 1 (i) for all finite (universal) S5 probability model U = (W, R, {€w }wew, {ttwwew) with R = W x W, |7y = 1
| P(O¢)|rw, 2/5 0 1/22/31/2 for each 7 € T implies ||y = 1.

\OP(©)|luw |2/312/312/312/32/3 (iii) for all finite lower probability model (W, {e,}wew, P), |T|[p = 1 for each 7 € T implies ||¢[|p = 1.
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