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Uncertainty Measures Łukasiewicz Logic

Axioms System:
pL1q ϕÑ pψ Ñ ϕq;
pL2q pϕÑ ψq Ñ ppψ Ñ χq Ñ pϕÑ χqq;
pL3q p ϕÑ  ψq Ñ pψ Ñ ϕq;
pL4q ppϕÑ ψq Ñ ψq Ñ ppψ Ñ ϕq Ñ ϕq.

+ Modus Ponens
Standard MV-algebra:

r0, 1sMV “ pr0, 1s,‘, , 1q
a‘ b “ mint1, a` bu
 a “ 1´ a.

Standard Semantics:
epϕ‘ ψq “ mint1, epϕq ` epψqu;
ep ϕq “ 1´ epϕq;
epϕ^ ψq “ mintepϕq, epψqu;
epϕ&ψq “ maxt0, epϕq ` epψq ´ 1u;
epϕ_ ψq “ maxtepϕq, epψqu;
epϕÑ ψq “ mint1´ epϕq ` epψq, 1u.

Modal Logic

S5 Kripke model:
V ar : countable set of propositional variables
l : modal operator

K “ pW,R, tewuwPW q
for every w P W , ew is a classical evaluation:

}ϕ}K,w “ ewpϕq
}lϕ}K,w “ 1 iff for each w1 P W, wRw1 implies ew1pϕq “ 1
Axioms System for S5:

pCPLq Axioms of CPL;
pKq lpϕÑ ψq Ñ plϕÑ lψq;
pT q lϕÑ ϕ; + MP and pNlq
p4q lϕÑ llϕ;
pBq ϕÑ l♦ϕ.

S5Ł Kripke model: ew evaluates Łukasiewicz (non-modal) formulas
into the standard MV-algebra r0, 1sMV

}lϕ}K,w “ inftew1pϕq | wRw1u.
Axioms System for S5Ł:

pl1q lϕÑ ϕ;
pl2q lpψ Ñ ϕq Ñ pψ Ñ lϕq;
pl3q lpψ _ ϕq Ñ pψ _lϕq; + MP and pNlq
p♦1q ♦pϕ&ϕq ” ♦ϕ&♦ϕ;

The language Ll,P

L : language of Łukasiewicz logic over finitely many (say n) propositional variables.
Ll,P : the expansion of L by two additional unary modalities: l and P .

CF: The set of classical formulas. Those are definable in L from variables, constants J and K, and the
connectives ^, _,  .

Ex: ϕ, ψ, ϕ^ ψ
CMF: The set of classical modal formulas is defined by closing CF by the unary modality l as usual in a
modal language.

Ex: lϕ, ϕÑ lψ, lϕ^ ♦ψ, lplϕ^ ♦ψq
PMF: The set of probabilistic modal formulas is obtained by the following two steps:
1. Atomic probabilistic formulas are all those in the form P pϕq for ϕ P CMF;

Ex: P pϕÑ lψq
2. Compound probabilistic formulas are defined by composing atomic ones with connectives of the Łukasiewicz
language.

Ex: P pϕq Ñ P plψq
UMF: Finally, the set of uncertainty modal formulas is the smallest set of formulas that contains PMF and
is closed under l and connectives of Łukasiewicz logic.

Ex: lP pϕq, lP pϕq Ñ P p♦ψq, lpP pϕq Ñ P p♦ψqq, lplP pϕq Ñ P p♦ψqq
LF: the set of lower probability formulas is the smallest subset of UMF that contains all basic formulas of the
form lP pϕq for every classical formula ϕ and that is closed under Łukasiewicz connectives.

Ex: lPϕÑ lPψ or  lPϕ

Example

p, q, r: three propositional variables
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Uncertainty Measures Modal Logic

S5 Kripke model:
V ar : countable set of propositional variables
l : modal operator

K “ pW,R, tewuwPWq
for every w P W , ew is a classical evaluation:

ew : V ar ›Ñ t0, 1u.
}Ï}K,w “ ewpÏq

}lÏ}K,w “ 1 i� for each w1 P W, wRw1 implies ew1pÏq “ 1
Axioms System for S5:

pCPLq Axioms of CPL;
pKq lpÏ Ñ Âq Ñ plÏ Ñ lÂq;
pT q lÏ Ñ Ï;
p4q lÏ Ñ llÏ;
pBq Ï Ñ l⌃Ï.

+ Modus Ponens and (Nl)
S5£ Kripke model: ew evaluates £ukasiewicz (non-modal)
formulas into the standard MV-algebra r0, 1sMV

}lÏ}K,w “ inftew1pÏq | wRw1u.
Axioms System for S5£:

pl1q lÏ Ñ Ï;
pl2q lpÂ Ñ Ïq Ñ pÂ Ñ lÏq;
pl3q lpÂ _ Ïq Ñ pÂ _ lÏq;
p⌃1q ⌃pÏ&Ïq ” ⌃Ï&⌃Ï;

+ Modus Ponens and (Nl)

£ukasiewicz Logic

Standard MV-algebra:
r0, 1sMV “ pr0, 1s,‘, , 1q

r0, 1sis the real unit interval
and for alla, b P r0, 1s
a ‘ b “ mint1, a ` bu
 a “ 1 ´ a.

Standard Semantics:
epÏ ‘ Âq “ mint1, epÏq ` epÂqu;
ep Ïq “ 1 ´ epÏq;
epÏ ^ Âq “ mintepÏq, epÂqu;
epÏ&Âq “ maxt0, epÏq ` epÂq ´ 1u;
epÏ _ Âq “ maxtepÏq, epÂqu;
epÏ Ñ Âq “ mint1 ´ epÏq ` epÂq, 1u.

Axioms System:
pL1q Ï Ñ pÂ Ñ Ïq;
pL2q pÏ Ñ Âq Ñ ppÂ Ñ ‰q Ñ pÏ Ñ ‰qq;
pL3q p Ï Ñ  Âq Ñ pÂ Ñ Ïq;
pL4q ppÏ Ñ Âq Ñ Âq Ñ ppÂ Ñ Ïq Ñ Ïq.

+ Modus Ponens

The language Ll,P

CF: The set of classical formulas. Those are definable in L from variables, constants J and
K, and the connectives ^, _,  .

Ex: Ï, Â, Ï ^ Â
CMF: The set of classical modal formulas is defined by closing CF by the unary modality l
as usual in a modal language.

Ex: lÏ, Ï Ñ lÂ, lÏ ^ ⌃Â, lplÏ ^ ⌃Âq
PMF: The set of probabilistic modal formulas is obtained by the following two steps:
1. Atomic probabilistic formulas are all those in the form P pÏq for Ï P CMF;

Ex: P pÏ Ñ lÂq
2. Compound probabilistic formulas are defined by composing atomic ones with connectives

of the £ukasiewicz language.
Ex: P pÏq Ñ P plÂq

UMF: Finally, the set of uncertainty modal formulas is the smallest set of formulas that
contains PMF and is closed under l and connectives of £ukasiewicz logic.

Ex: lP pÏq, lP pÏq Ñ P p⌃Âq, lpP pÏq Ñ P p⌃Âqq, lplP pÏq Ñ P p⌃Âqq
BF: the set of belief function formulas is the smallest subset of UMF that contains all
basic formulas of the form P plÏq for every classical formula Ï and that is closed under
£ukasiewicz connectives.

Ex: PlÏ Ñ PlÂ or  PlÏ

LF: the set of lower probability formulas is the smallest subset of UMF that contains all
basic formulas of the form lP pÏq for every classical formula Ï and that is closed under
£ukasiewicz connectives.

Ex: lPÏ Ñ lPÂ or  lPÏ

Example

propositional variables p, q, r: three propositional variables

w1 |ù p, q, r;
w2 |ù p, q, r;
w3 |ù  p, q, r;
w4 |ù p, q, r
w5 |ù  p, q, r.

w1 w2 w3 w4 w5
p1 1/5 1/5 1/5 1/5 1/5
p2 1/3 1/3 1/3 0 0
p3 0 1/4 1/4 1/2 0
p4 0 1/3 0 1/3 1/3
p5 1/4 1/4 0 1/4 1/4

S5 Probability Models

An S5 probability model is a tuple
U “ pW,R, tewuwPW, tpwuwPWq

where:
1.W is a non-empty countable set;
2. pW,R, tewuwPWq is a classical S5-Kripke model;
3. For all w P W , pw is a probability distribution on W .
(1) If Ï P CF, then }Ï}U ,w “ ewpÏq;
(2) If Ï P CMF, then whenever Ï “ lÂ we have

}Ï}U ,w “ }lÂ}U ,w “ inft}Â}U ,w1 | wRw1u.
If Ï is compound, then }Ï}U ,w is computed by truth-functionality using classical connectives.
(3) If Ï P PMF and Ï is atomic, i.e., Ï “ P pÂq with Â P CMF, then

}Ï}U ,w “ }P pÂq}U ,w “
ÿ

tpwpw1q | }Â}U ,w1 “ 1u.
If Ï P PMF and is compound, then its truth-value is computed by truth-functionality using
£ukasiewicz connectives.
(4) If Ï P UMF and Ï “ lÂ, and thus with Â P PMF, then

}Ï}U ,w “ }lÂ}U ,w “ inft}Â}U ,w1 | wRw1u.
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Uncertainty Measures Modal Logic

S5 Kripke model:
V ar : countable set of propositional variables
l : modal operator

K “ pW,R, tewuwPWq
for every w P W , ew is a classical evaluation:

ew : V ar ›Ñ t0, 1u.
}Ï}K,w “ ewpÏq

}lÏ}K,w “ 1 i� for each w1 P W, wRw1 implies ew1pÏq “ 1
Axioms System for S5:

pCPLq Axioms of CPL;
pKq lpÏ Ñ Âq Ñ plÏ Ñ lÂq;
pT q lÏ Ñ Ï;
p4q lÏ Ñ llÏ;
pBq Ï Ñ l⌃Ï.

+ Modus Ponens and (Nl)
S5£ Kripke model: ew evaluates £ukasiewicz (non-modal)
formulas into the standard MV-algebra r0, 1sMV

}lÏ}K,w “ inftew1pÏq | wRw1u.
Axioms System for S5£:

pl1q lÏ Ñ Ï;
pl2q lpÂ Ñ Ïq Ñ pÂ Ñ lÏq;
pl3q lpÂ _ Ïq Ñ pÂ _ lÏq;
p⌃1q ⌃pÏ&Ïq ” ⌃Ï&⌃Ï;

+ Modus Ponens and (Nl)

£ukasiewicz Logic

Standard MV-algebra:
r0, 1sMV “ pr0, 1s,‘, , 1q

r0, 1sis the real unit interval
and for alla, b P r0, 1s
a ‘ b “ mint1, a ` bu
 a “ 1 ´ a.

Standard Semantics:
epÏ ‘ Âq “ mint1, epÏq ` epÂqu;
ep Ïq “ 1 ´ epÏq;
epÏ ^ Âq “ mintepÏq, epÂqu;
epÏ&Âq “ maxt0, epÏq ` epÂq ´ 1u;
epÏ _ Âq “ maxtepÏq, epÂqu;
epÏ Ñ Âq “ mint1 ´ epÏq ` epÂq, 1u.

Axioms System:
pL1q Ï Ñ pÂ Ñ Ïq;
pL2q pÏ Ñ Âq Ñ ppÂ Ñ ‰q Ñ pÏ Ñ ‰qq;
pL3q p Ï Ñ  Âq Ñ pÂ Ñ Ïq;
pL4q ppÏ Ñ Âq Ñ Âq Ñ ppÂ Ñ Ïq Ñ Ïq.

+ Modus Ponens

The language Ll,P

CF: The set of classical formulas. Those are definable in L from variables, constants J and
K, and the connectives ^, _,  .

Ex: Ï, Â, Ï ^ Â
CMF: The set of classical modal formulas is defined by closing CF by the unary modality l
as usual in a modal language.

Ex: lÏ, Ï Ñ lÂ, lÏ ^ ⌃Â, lplÏ ^ ⌃Âq
PMF: The set of probabilistic modal formulas is obtained by the following two steps:
1. Atomic probabilistic formulas are all those in the form P pÏq for Ï P CMF;

Ex: P pÏ Ñ lÂq
2. Compound probabilistic formulas are defined by composing atomic ones with connectives

of the £ukasiewicz language.
Ex: P pÏq Ñ P plÂq

UMF: Finally, the set of uncertainty modal formulas is the smallest set of formulas that
contains PMF and is closed under l and connectives of £ukasiewicz logic.

Ex: lP pÏq, lP pÏq Ñ P p⌃Âq, lpP pÏq Ñ P p⌃Âqq, lplP pÏq Ñ P p⌃Âqq
BF: the set of belief function formulas is the smallest subset of UMF that contains all
basic formulas of the form P plÏq for every classical formula Ï and that is closed under
£ukasiewicz connectives.

Ex: PlÏ Ñ PlÂ or  PlÏ

LF: the set of lower probability formulas is the smallest subset of UMF that contains all
basic formulas of the form lP pÏq for every classical formula Ï and that is closed under
£ukasiewicz connectives.

Ex: lPÏ Ñ lPÂ or  lPÏ

Example

propositional variables p, q, r: three propositional variables

w1 |ù p, q, r;
w2 |ù p, q, r;
w3 |ù  p, q, r;
w4 |ù p, q, r
w5 |ù  p, q, r.

w1 w2 w3 w4 w5
p1 1/5 1/5 1/5 1/5 1/5
p2 1/3 1/3 1/3 0 0
p3 0 1/4 1/4 1/2 0
p4 0 1/3 0 1/3 1/3
p5 1/4 1/4 0 1/4 1/4

S5 Probability Models

An S5 probability model is a tuple
U “ pW,R, tewuwPW, tpwuwPWq

where:
1.W is a non-empty countable set;
2. pW,R, tewuwPWq is a classical S5-Kripke model;
3. For all w P W , pw is a probability distribution on W .
(1) If Ï P CF, then }Ï}U ,w “ ewpÏq;
(2) If Ï P CMF, then whenever Ï “ lÂ we have

}Ï}U ,w “ }lÂ}U ,w “ inft}Â}U ,w1 | wRw1u.
If Ï is compound, then }Ï}U ,w is computed by truth-functionality using classical connectives.
(3) If Ï P PMF and Ï is atomic, i.e., Ï “ P pÂq with Â P CMF, then

}Ï}U ,w “ }P pÂq}U ,w “
ÿ

tpwpw1q | }Â}U ,w1 “ 1u.
If Ï P PMF and is compound, then its truth-value is computed by truth-functionality using
£ukasiewicz connectives.
(4) If Ï P UMF and Ï “ lÂ, and thus with Â P PMF, then

}Ï}U ,w “ }lÂ}U ,w “ inft}Â}U ,w1 | wRw1u.

for all i “ 1, . . . , 5, }P plϕq}U ,wi “ pipw4q ` pipw5q

}lP pϕq}U ,w1 “ mint}P pϕq}U ,w1, }P pϕq}U ,w2, }P pϕq}U ,w3u “ mint4{5, 2{3, 3{4u “ 2{3

w1 w2 w3 w4 w5

}P pϕq}U ,wi 4/5 2/3 3/4 2/3 3/4
}lϕ}U ,wi 0 0 0 1 1

}P plϕq}U ,wi 2/5 0 1/2 2/3 1/2
}lP pϕq}U ,wi 2/3 2/3 2/3 2/3 2/3

S5 Probability Models

An S5 probability model is a tuple
U “ pW,R, tewuwPW , tpwuwPW q

1. pW,R, tewuwPW q is a classical S5-Kripke model;
2. For all w P W , pw is a probability distribution on W and µw the probability function on 2W induced by pw.
(1) If ϕ P CF, then }ϕ}U ,w “ ewpϕq;
(2) If ϕ P CMF, then whenever ϕ “ lψ we have

}ϕ}U ,w “ }lψ}U ,w “ inft}ψ}U ,w1 | wRw1u.
If ϕ is compound, then }ϕ}U ,w is computed by truth-functionality using classical connectives.
(3) If ϕ P PMF and ϕ is atomic, i.e., ϕ “ P pψq with ψ P CMF, then

}ϕ}U ,w “ }P pψq}U ,w “
ÿ
tpwpw1q | }ψ}U ,w1 “ 1u.

If ϕ P PMF and is compound, then its truth-value is computed by truth-functionality using Łukasiewicz
connectives.
(4) If ϕ P UMF and ϕ “ lψ, and thus with ψ P PMF, then

}ϕ}U ,w “ }lψ}U ,w “ inft}ψ}U ,w1 | wRw1u.
Ex: }lP pψq}U ,w “ inft}P pψq}U ,w1 | wRw1u “ inftµw1ptw˚ P W | }ψ}U ,w˚ “ 1uq | wRw1u

System S5(FP(Ł))
(CPL) The axioms and rules of classical propositional logic for formulas in CF.
(S5) The axioms of S5 applied to CMF.
(FP(Ł)) Axioms and rules of FP(Ł) for PMF formulas, i.e. the axioms of Ł the axioms for the modality P
and Łukasiewicz implication:

pP1q P pϕÑ ψq Ñ pP pϕq Ñ P pψqq;
pP2q  P pϕq ” P p ϕq;
pP3q P pϕ_ ψq ” rpP pϕq Ñ P pϕ^ ψqq Ñ P pψqs;
pNP q necessitation: from ϕ infer P pϕq.

(S5(Ł)) Axioms and rules of S5(Ł) for UMF formulas.

Lower Probability Model

M “ pW, tewuwPW , P q
P : lower probability on 2W .

}lP pϕq}P “ P ptw | ewpϕq “ 1uq
the evaluation extends to compound formulas in LF by truth-functionality using Łukasiewicz connectives.

Completeness Theorem

For every finite subset of formulas T Y φ Ď pLFq, the following conditions are equivalent:
(i) T $S5pFP pŁqq φ

(ii) for all finite (universal) S5 probability model U “ pW,R, tewuwPW , tµwuwPW q with R “ WˆW , }τ}U “ 1
for each τ P T implies }φ}U “ 1.

(iii) for all finite lower probability model pW, tewuwPW , P q, }τ}P “ 1 for each τ P T implies }φ}P “ 1.
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