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Background Scoring imprecise forecasts

Q ={w,...,wn} is a finite possibility space. to events in F. C is the space of all such The ideal set of almost desirable gambles if w; is the £ — g} g g’.z is D’s error set at w,—the total set of
F is the power set of Q. Elements E of F are assignments. true state of the world is given by gambles that D mischaracterizes at w;.
events. Evaluate assignments of precise forecasts by a . Di=1{glgi= 0} R . Inaccuracy is a measure of error.
. babilistic § ; scoring rule or loss function Z : C x Q — R, D; contains all and only the gambles that are in fact
xperts announce probabilistic forecasts for N almost desirable at w;. The inaccuracy of D at w;, Z(D, wj), is the measure of
events. : : - : ’ P
Aﬁscormg rule Z: € x 2 — R is strictly proper T T £; according to an appropriate measure v;:
Temperature  Precipitation =~ Wind 1 1 1
E 3% 14% 18% 23% 10% 2% 2% Z p(w)z.(p’ w) < Z p(a})z,.(c7 w) Dy Dy I(D, w,) — I,(D) = V,(g,)
__ B o weld wesl g 'H
22:00 01:00 04:00 07:00 10:00 13:00 16:00 19:00 f()]‘ any probab]hty function p E C and any C *T/L p
Tue Wed Thu Fri Sat Sun Mon Tue > V,(g,) 1S SOmething I]ke the “size” Of the error set 8,
. -, & a & » Brier Score: Z(c,w) = Z (1x(w) — (X)) o . .
16°12°  19°13°  22°12°  27°18°  24°14°  22°14°  22°15° 21 14° XcF Choose an epigraphica] set D g Rn Of a]mOSt dESirab]e Assume that Vi 1S ﬁn]te and abSO]ute]y continuous W]th
» Log Score: gambles (coherent or not). respect to the product Lebesgue measure p. In that case
Forecasts are accurate insofar as they are “close” T(c,w) = Z —Jog([1 — Ly(w) — ¢(X))) | N
to the indicators of the events being forecast. e s & X E; =D\ Djis D’s set of type 1 errors at w;. T,(D) = / ;| du
-
: , E;
» It it does not rain on Wednesday or Thursday, » Spherical Score: 5,-2 = D; \ D is D’s set of type 2 errors at w;. . . . ’
then Wednesday’s forecast (0.03) is more - L) ) ) o Axiomatic constraints:
’ —ix\w)— ¢ : : ..
accurate (closer to 0) than Thursday’s (0.14). I(c,w) = Z (] — N c()())2> A PL. ¢i(gi.. ... gn) is (at least weakly) increasing in g;
c : F — R is an assignment of precise forecasts XeF Type | errm P2. oi(g, .-, 8-1,0,841,---,8n) =0

>(U]

» Accepting a bigger loss is a bigger type 1 error

Strictly proper scoring rules: admissibility

» Leaving more utility on the table is a bigger type 2
Type | and type Il error for world wy erTOT.
An assignment of forecasts ¢ : / — R is admissible relative to a scoring rule Z it and only if it is not

incoherent, [de Finetti, 1974, ch. 3], i.e., it is not (uniformly) dominated by some b = c in the sense that

T(b.w) < Z(c.w) Linear previsions and non-additivity

for all w € €.
Let x be a precise forecast for event E and y be a precise forecast for —=E. The following is a Precision-inducing constraints: Example 1. Let Q = {w;,ws, w3} and let P be the
straightforward consequence of [Lindley, 1982, Lemma 2] SPI. $i(Ag) = Adilg) for any A > 0 set of all probability mass functions of €2. Choose
2. () = vi(E2) for any EF st p = (P, p2, p3) € P. Let p be the normal distribu-
o) Corollary PO AN yep st tion on the Borel o-algebra B(IR) with mean 0 and
[ FTo(x.y) = so(x) + si(y) and Ti(x. y) = s1(x) - so(») EF={(x,. -, Xi—i, &i» Xit1,---,Xn) lg € Ei,x1,. .., xn € R} standard deviation g Let 11 be the product measure
V) = V) = . , X p x pon B(R?). In that case
. is a continuously differentiable strictly proper scoring SP3. vi(&j) = Vj(ng) where 5} is the result of permuting PPy &)
/ rule, then following three conditions are equivalent: the i and j component of any g € &;, ie. p;
VIi(x,y), ™. Q There are a,b € R s.t S . ]_\/2+ 2 2
= ’ N el ={e'lg € &gl = g.8] = g8 = & for all k # 1.j} T(D,) = TR
~ ViapnZo(x,y) <0 j T\8 188 =88 T 8ih Bk~ 8k ’ i(Dp) = o
/ V((; b>I1(X,y) <0 This is a non-additive analogue of the Spherical
VIo(x,y)-. . ’ Theorem score.
Q 0 ¢& posi ({VZy(x,y), VLi(x,y)})
Qy+#1—x If T satisfies PI-P2 and SPI-SP3, then there is some

0 such that i <
Conclusion: A pair of forecasts, x and y, for E and —E respectively, are admissible if and only if £ 2 O guth dhat oy ol § %

probabilistic. I,-(D):/g lcgi| du
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In that case, for any probability mass function

Sets of almost desirable gambles p:Q— R and any D # D,
> pZiDp) < ) piZi(D)

A gamble g : 2 — R is an uncertain reward which Ty - - i<n i<n 1:(Dp) as a function of pj (x-axis) and p; (y-axis).

pays out in linear utility. We will treat them as

elements g = (g, ..., gn) of R”. : unless both D \ Dy and Dp \ D are sets of measure An alternative to the strictly proper additive scoring rules
o H H H 2€T10. for linear previsions considered by Schervish et al. [2013].

A set D C R" is a coherent set of almost losel comes con Jarger st open half-space:
. Cf : . . including RS, more committal precise prob o o o ope
desirable gambles if it satisfies S IP scoring rules: admissibility

ADI. If g < 0 then g & D (where g < 0 < g; < 0 for The epigraph of a function b : R™" — [—00, o0

all i < n) is w
Dy = {{g1-..0) lgn > blar. .. gn1)} C B fheorem
. > > L > b — s+ -y 8n) |En Z I---586n—1)5 =
(0 2= 0 then g € D (where g = 0 < g; = 0 for If v; is finite and absolutely continuous with respect to 1, for
all 7 < n) : . g .
P all i < n, then the following two conditions are equivalent:
AD3. It g € D and A > 0 then Ag € D » Every coherent set of almost-desirable gambles iy O There is some h: R"™' — R s.t. forall i < n
9b
D is epigraphical. W JL; ]
AD4. If f,g € D then f+ g€ D 0Zi(b, h) = —hdX = |lim - [Z;(b+ € h) — Z;(b)] < 0
/-8 fre » Many epigraphical sets of almost desirable (b, ) rn—1 Ob e—0 6[ i ) /(D)
ADS. If g+ eeDforalle >0then geD gambles are not coherent. a/z First variation—calculus of variations analogue of
=5 directional derivative
| Q 0 & posi ({¢(-, b(-))|i < n})

Challenges

Example 2. Suppose that = {w}, wy, w3} and that for some A\ >~ > 0:
» Suppose that for all i < n, ¢; satisfies Pl, P2 and super-additivity: ¢;(f + g) > ¢i(f) + ¢i(g), for all

f,g €R" | [ Agiifgi<0
» Super-additivity is useful for ensuring that admissible D satisfy ADA4. ¢’(g|’ 62 gg) - vgi if g >0
» Triviality Result (Van Camp): ¢; satisties P1, P2 and super-additivity for all i < n it and only if ¢; is Then 0 € posi ({&;(-, b(-))|i < 3}) iff there are o, 3 > 0 s.t.
represented by a function v; : R — R that satisfies Properties P1, P2 and super-additivity, in the sense [ (0gH58) i o > 0 e > 0
that ¢;(g) = vi(g;) for every g € R". —A(ozg1)\+ﬁgg) . ol = Boi =
» Only sufficient to render a slightly generalised class of Dy from example 2 admissible. Y it g1 < 0,82 <0
AER) if o < 0,g) > 0,0Mg + g2 < 0
b(glagZ) = 4 —(a)g+87g) -
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