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- o Setting
1.Notation 2.Comonotone probabilities 3.Comonotone lower probabilities
Finite ordered spaces: X = {X1, ., Xu} Supp(Px.y) = {(x,7) | Px.y({(x:3)}) > 0} P comonotone  Supp(Px.y) = {(x,¥) | Px.y({(x,3)}) > 0}
Y =1{y1,--+>¥Ym} is an increasing set in X X Y VP € M(BX,Y) increasing set in R?
Interval notation: a = [a, a| I I
Interval dominance: @ < bifa<banda<b Px,y comonotone «———— X = h(Y), h increasing

I Px y comonotone Fx y(x,y) = min {Fx(X), Fy(y)}
9 => 9
lower probability Fx y(x,y) = min {Fx(x),Fy(y)}
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Strict inverval dominance: a < b if a <
Fx y(x,y) = min{Fx(x), Fy(y)} V(x,y)

Aim

1.Scheme 2.Comonotone extension of Py and Py 3.Aim
P —— ' : .
=X, ¥ Px, Py Uncertainty about X and Y: Px, Py Comonotone extension of Px and Py-...
l l Detf.1: Px y is a comonotone extension of Py, Py if... .. . existence!
. — — : .. .construction?
(EX,Y7 FX,Y) —_— (EX9 FX)? (EX9 FX) .. 'EX,Y IS comonotone

: : I ' ?
... its marginal lower probabilities are Px, Py ... uniqueness!

. . . Comonotone natural extension of Py and Py. ..
Detf.2: Ex y is the comonotone natural extension of Px, Py if... =X =¥

E AR - ' ?
§ = 1(x5) | Fx,y(xi-1, %)) < Fx,v (%> ¥)) ..Ex_y is a comonotone extension .. existence:

. ... construction?
..Ex y < Px y for any other comonotone extension Px y

and FX,Y(Xiv.Yj—l) < FX,Y(Xian)}

Existence
1.Existence 2.Checking properties e and e 3.Example

Thm.1: Given a maximal increasing set §* O S, a comonotone extension Thm.2: Define a graph Gg+ = (V, €) where: S* = {(x1,y1), (;-51,77?), (X2.,y2), (x3,52)} D S
Px y of Px, Py satisfying SUPP(BX Y) C S* exists if and only if maximal increasing
’ ’ V = ext(M(Px)) Uext(M(Py))

c Fx(x) X Fy(y) or Fy(y) = Fx(x) € = {(pi» qj) € ext(M(Px)) x ext(M(Py)) | Supp(M(p;, g;)) C S*}
Properties e and e hold if and only if Gg+ has no isolated nodes.

ext(M(Py)) G g+ ext(M (Py))

p1 = (0.4, 0.6, 0)

for any A C X, there exists Px € M(Px) and Py € M(Py)
- = = — (0.4,0.5,0.1 — (0.4,0.6
e such that Px(A) = Px(A) and Supp(Px,y) C S* P> = ( ) @ = )
: ps = (0,1,0) q2 = (0,1)
for any B C Y, there exists Px € M(Px) and Py € M(Py)
esuch that Py (B) = Py(B) and Supp(Px y) C §* ps = (0,0.5,0.5)

nstruction
Al P(A B |P.(B Xi| X1 X2 X3 S highlighted in blue CO SEIUCLHIO
(x) —Xé ) ] —Yé ) Fy(x;)] 0 0.5 1
X1 Y1 Fx(x)0.4 1 1

b 05 A}l 0.6 Fx(x) [0,0.4) [0-5,1] [1,1]

{Xg} 0 i — i .
{x1,x2}| 0.5 y2 :07 O°4: 0.5,1] [1,1] [1,1] S* = {(x1,¥1), (X1, ¥2) (X2, ¥2), (X3, ¥2) }
{Xlo X3} 0 Yi Y1 )2 J1 _09 0°4_ :07 O°4: [07 0'4] [03 O°4] — {(111, V1)7 (112, V2)7 (113, V3)7 (u49 V4)}
{x2,x3} 0.6 %igfg 004 i EX,Y(Xja ¥i) X1 X9 X3 Fy(y;)

)| 0.

S* D §

Px,Py —— (Fx; FX)a (Fy, FY) (EX,Yv FX,Y) maximal increasing

gy (y2)
g(llj, Vj) — 2z {22, 23,24} —— Y2 (U2, v2) (us, v3) (uy, v4)
gx(A) = g(A xY) gv(y)
gv(B) = g(X x B) T
BX,Y EX,Y(C) = Ez(g(c N S*)) E, Natural extension BZ CIC [0, 1] M p gx(x1) gx(x2) gx(x3)
P,(gx(A)) = Px(A), P4(gy(B)) = Py(B) tomt An) taa}
g
. DekK P,(D) Z +—— 8
E;(D) = min{Pz(D) | P; € M(P;)} {21, 2} = gx(x1) Py({z1,2:}) = Px({x1}) = 0 21— (t, v1)
{23} = gx(x2) Py({z3}) = Px({x2}) = 0.5 z2 < (ug, v2)
{24} = gx(x3) Py({z4}) = Px({xs}) =0 z3 <— (u3, v3)
121, 22, 23} = gx({x1, x2}) | Pz({21, 22, 23}) = Px({x1,x2}) = 0.5 zy < (uy, vy)
{21, 22, 24} = gx({x1, x3}) Py({z1, 22, 24}) = Px({x1,%3}) = 0
{z3, 24} = gx({x2, x3}) | Pz({23,24}) = Px({x2,x3}) = 0.6
{z.} = gv(n1) P;({z:}) = Py({y1}) =0
{22, 23, 24} = gv(y2) Py ({22, 23, 24}) = Py({y2}) = 0.6
Z P,(Z) =1
. N Uniqueness
1.Uniqueness 2.Comonotone natural extension 3.A necessary condition
. . |
There is not uniqueness Thm.3: Let ST, ..., S be all the maximal increasing supersets Prop.4: If the comonotone natural extension exists, for
of § giving rise to the comonotone extensions Py, ..., Pp. The every (x,y) one of the following properties hold:
_ comonotone natural extension exists if and only if
Example: B B
F F
S* = {(x1,51), (x1,¥2), (x2, ¥2), (X3, y2) } X, Supp(P;) ?) Ex(x) < Fr(y)

b) Fy(y) < Fx(x)

S = {(x1,51), (x2, 1) (x2, ¥2), (X3, ¥2) } s an increasing set ) Fx(x) = Fx(x) = Fy(y) = Fy(y)
_ C)fx\X)=Ix(X)=~LylJy)=~ry\yJy

give rise to different comonotone extensions.

Any maximal increasing superset of S determines the comonotone
natural extension! Necessary ... but not sufficient!

At a glance
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