Desirable Gambles Based on Pairwise Comparisons
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Ongoing Research about a
Particular Case of Sets of —

Desirable Gambles . 2 3 Equiprobability is represented by the initial
Research supported under project PID2019.106758GB.C31 funded by If t1s an initial specification, then its associated set representation ?(x,y) = 1"

MINEI 1-13039501100011033 of gambles 7 avoids sure loss if and only if {(x, x) < ,Vx,y € X. Agamble I, — al,, is desirable
.= baSIC LOoNcCepts
P 1, Vx € X. whenever 0 < a < 1.

Definition — Result

A gamble g Is said to express a pairwise desirability If X is finite, a gamble g is desirable if and only if
if and only if it can be expressed as g = /. — b/, If X is finite, and we consider a weighted graph such that >, _, g(x) > 0.
% with a node for each x ¢ X and a weight f(x, y) for The associated credal set contains only one

Definition a link from x to y, and define the value of a path element: P,, the uniform probability in X.

An initial specification of pairwise desirable gambles as the product of the weights of its links, then Result

is @ mapping  : X x X — RUR™U {+o0}, where fi(x. y) is the maximum weight of the pa,ths going If X is infinite, a gamble g is desirable when N,

R™={a -acRkj and(x x)=1". W from xto y. s finite and there is H C P, with H finite and

Forany a. b € R, with a < b, we have D _xe(Hun,) 9(X) > 0.

a <a<b <b< oo Intuitively, a~ is a number Hx,x) > 1 t"(x, x) > 1 Resut

jus fore a (to leave open a set of gambles. If X is infinite, then credal set associated to ¢ is equal

ntial specification f, the associated set of IT1(x, x) <1,9x, then f(x, y) = 1"(X, y). J[S?J:Qse iie)t(oguilrl] J[*[I;thI/r;I(t/?/l)y—a %d;g;/:mpﬁlloacbll? );i:i]teea-

gambles Is:
If t is an initial specification such that t(x, x) < 1 If H is finite, the conditioning of t to H, is the finite

T={k=bly:beR O<b<HX,y)} ) {5 any x € X and 7T is the natural extension of 7,/  uniform.

then a pairwise gamble I, — bl, € T, if and only if

1 ((x.y) - 0,no gamble /, - bl with b~ 0is | b= i(x.y)

initially desirable;
» if f t(x,y) = +o0, any gamble /, — bl,, with b > 0

Computing Gambles in the Natural Extension 1. If D is a set of desirable gambles and ¢ € [0, 1],
then the discounting of D by ¢ is

IS desirable; The problem we consider now is when a generic
» if {(x.y) = a, then any gamble /, — bl, with gamble g is in the natural extension. D = {g —einf(9)Inup. : g€ DY\ {0},
b € (0, a] is desirable; e

> iti(x, y) = &, then any gamble /x — bl, with g=1X€X 1 g(x)>0}, Ng=1xe€X:g(x) <0} If M is the credal set associated with D, the
= 0 O’ a) Is desirable. credal set associated with D° is
his problem can be rephrased as a max flow M= (1 =M+ eMg =
Assume that X = {x1, X2, x5} and the initial specifica- problem with gain/loss factors [6]. In particular, {(1—¢)P+eQ : Pe Mp, Qe Mp}
tion given by the following matrix: the problem is as follows: M 1s the vacuous credal set.

. » There is a source node s and a sink node f. With Pairwise specifications:

- 11 2_2 82 » There are a node for each x ¢ P, and a node for 1
BRI cach y € Ng (X, y) = t(X.¥) 57—, When x # y
» There is a link from s to each node x € P, with 1+ et(x, y)

We are specitying that /, — 0.2/, I, — I are both capacity | gnd gain factor of 1. | However, this is not equivalent to discount the full
desirable. | » Thereis alink from each node y € Ny and f with natural extension
Graphical Representation capamj[y 1 e.md gain factor of 1. 2. Second discounting:
If X has three elements, the associated credal set > There is a link from each node x € P to each D — (g — e(sup — inf(q))! geD {0}
to a set of pairwise gambles is demilited by lines node y € Ny with unlimited capacr[_y (it could be — ¥ P 9))INgoPg - 9 |
pasing going from a triangle vertex to the opposite set to the value ), _p 9(x) and gain factor of | |
side as: t(x,y). Associated to distance

4‘\ D(p,q) =1/2_Ip(x) = q(x)]

/N
“‘ Assume that X = {x:. x». xa. x4} and pairwise natural F(x. v) — 0 (X, y) —el(X,y) — ¢ when x
#’& { 1, A2y A3, 4} p ( ;Y) maX{ 9 1—|—6t(X,y)+€ ’ #y}

extension given by matrix:

Figure: The associated credal set

1-03030.1 \ Multiplicative Preference Relationships
Convolution 1 1~ 05002 o . . _ _
T = o » A multiplicative preference relationship [4] is a
If t is a specification and / is a natural number, 2 1 1 0-53 matrix A with values a; ., — 1.
then, t' is recursively defined: 12 117 There are several definitions of consistency, but
. i do g The max flow problem associated with gamble 6/, + oneofthemis a;,ax = ajx.
b=t [ =maxifiot, 1’} 51, — 0.9/x3 — 1.3/, is represented in the following It corresponds to maximal pairwise
graph: specifications.
where t o bo(X, y) = sup{ti(x, 2).lo(2,y) : Zz € X} o » In [5] generalized to intervals. Consistency:
ol X ' X3 0.9/¢
Qﬂ {(P1,-- . pn) = hij < pi/pj < Uij, Yy pi=1,pi >0} #0
f 0 < b < t'(x,y), there are m < | gambles 5 B Y milar 1 i ifil fion with
lx, — bily,, ..., Ix, — bml,, € 7 and positive numbers g I1s in the natural extension if and only if there is /”er_y S'm'? o' é_p?' \;V'S.e §pec catio
aj, . .., ap such that a flux in which an amount of >~ _ g(y) arrives to 1 = 1, X), Ui = 1/10x5, X)
b — bl, > aq(ly, — bily,) + - - + am(l, — bl ) t. In ’Fhat case the coefficient a, is equal to the flux
entering the link from x to Y. G Inés Couso and Serafin Moral. . |
Sets of desirable gambles: conditioning, representation, and precise probabilities.

A flux as In the figure (Where a — b means that a International Journal of Approximate Reasoning, 52(7):1034—1055, 2011.
units enter the link and b units arrive to the link end)| & Serafin Moral

Discounting imprecise probabilities.
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