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Motivation: pricing in a market with frictions No-arbitrage pricing under a-PRU

i i LCi yahoo! Given a portfolio A = (Ag, A4 An)l € R™1 we define:
e Classical no-arbitrage pricing theory assumes T -

Bid price
that the market is competitive and frictionless - oo (if we want to SELL): ]

m
Price at time t = 0: Vé\ =A+ ) )\kS(’)(
k=1

The highest price that a buyer
e Prices can be expressed as discounted expec- gl (09I _____1s willing to pay.

tations with respect to an “artificial” probabil-
ity measure Q

Payoff under a-PRU at time t = 1: VA = Xo(1 +r) + Y_ A[SF]”
k=1

e PROBLEM: Markets show frictions, mostly in e ' The lowest price that a seller i
the form of bid-ask spreads . oy PR— willing 10 acoept

a . :
a-PRU principle at time t = 1

e AIM: Replace Q with a non-additive measure e sa09. 2200 FE PRU (Partially Resolving Uncertainty): An agent may only acquire that B # @ occurs, without knowing
so as to consider bid-ask spreads smasians bovdendOne  wa NNTDAR which is the true i € B
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1D 5D 1M 6M Ask price
(if we want to BUY):
S

~

a-pessimism: An agent always considers the a-mixture between the minimum and the maximum of random

payoffs on every B + { y

o-DS mixtures Theorem (First FTAP under a-PRU)

Let o € [0, 1]. The following conditions are equivalent:

Consider: (i) there exists an a-DS mixture ¢, represented by a belief function strictly positive on U and such that
CoalStl _ ok tor k —
e Q) ={1,...,n} with n > 1, a finite set of states of the world T = So, for k=1

e P(Q), power set of events (ii) for every A € R™! none of the following conditions holds:
e R set of all random variables (a) V{\({i}) =0, fori=1,...,n, V{\(B) >0, forall BeU\ {{i} : i € Q} and V(f\ <0;
(b) VA({i}) >0, for i =1 n, not all 0, VA(B) >0, for all Be U\ {{i} : i € Q}, and V{ < 0.

Definition (a-DS mixture) -

Let a € [0,1]. A mapping ¢, : P(Q) — [0,1] is called an a-DS mixture if there exists a belief function Theorem (Second FTAP under a-PRU
Bel : P(Q) — [0, 1] with dual plausibility function Pl such that, for all A € P(Q), ( )

Let o € [0, 1]. If the market satisfies condition (ii) of the First FTAP under a-PRU and is a-PRU complete,
e, ford ={By,..., By}, itism>2"—1 and S1k =1p, for k =1,...,2" —1, then the a-DS mixture
@, in condition (i) of the First FTAP under a-PRU is unique.

po(A) = aBel(A) + (1 — a)Pl(A) = aBel(A) + (1 — a)(1 — Bel(A)).

The belief function Bel is said to represent the a-DS mixture ¢,.

/
a-DS mixture no-arbitrage price of a payoff X; € R"

Xo=(1+n""CqalXil=01+1r)" O(Qm(%n EolX1]+ (1 — @) Qm?x Eo[X1]
celz cC—
Proposition (unique representation) \ Bel Bel

Let @ €10,1] with a # 3, and ¢, : P(Q) — [0,1] be an a-DS mixture. Let Bel, Bel’ be belief functions on v
P(Q). If both Bel and Bel’ represent ¢,, then Bel = Bel'. “

ETA stock market data with bid-ask spreads

Consider a single risky asset:
e t = 0 identified with 2023 — 01 — 23
e t = 1 identified with 2023 — 02 — 24
o US T-Bill with 1 + r = (1.0469)3%5 3001

e Last one year of META closing prices: 250

Properties of a-DS mixtures

META stock price time series

Proposition (properties of a ¢,)

Let o € [0,1]. An a-DS mixture ¢, : P(QQ) — [0, 1] satisfies the following properties: Si ranging in
1 _
(i) 9o (@) = 0 and @, (Q) = 1; S; = {112.4,159.2,206.0, 252.8, 299.6}

(ii) 9o(A) < @q(B), when A C B and A, B € P(Q); e Bid-ask prices at time t = 0 of call and put
options on META with maturity t = 1, strike
prices in K.y and Ky, and payoffs

200 -

Stock price

150 A

100 A

(iii) @, is self-dual if and only if it is additive or a = %;

2022—I01—24 2022—IO4—05 2022—I06—16 2022—I08—29 2022—I11-08 2023-I01-23
Date

CK = max{S] — K}

Pr = max{K — S/}

(iv) @, is sub-additive if it is additive or a € [O, %]

For every a € [0, 1], the class M, of all a-DS mixtures on P(Q) is convex and contains the class P of all Call options on META with maturity 2023-02-24
probability measures on P(Q)). .

a-DS mixture Choquet expectation

Every ¢, uniquely extends to a functional C,, : R® — R by setting, for every X € R%,

Put options on META with maturity 2023-02-24

e Bid price e Bid price
e Ask price 1 e Ask price

Bid-ask prices
Bid-ask prices

(C<pa[X]= fX C|<pa 50 75 100 125 150 ' ' ' ' ' 120 140 160 180 200

Strike price K Strike price K

Hurwicz-like representation: C, [X] = « Pmén Ep[X]+ (1 — @) max Ep[X] where Cpge is the core of Bel
€ClBel clBel

Mobius-like representation: C, [X]| = ) [X]%(B)u(B) where p is the Mobius inverse of Bel and
Beu

U=PON\ () and XU B with [XI%(B) = amin X(0 + (1 - @)max X(i Tuning of a: a measure of market pessimism

ieB

\ LY - —
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For a fixed o € [0, 1], compute the a-mixture prices C*“ = aCK +(1—a)Cy and Py = aPX +(1—a)Py:

One-period market with bid-ask spreads

__[cK 2 __[pK 2
minimize E(pg) = Y _ (C(;<'O( _ CqlG ]) Y (I_-)(l)<,a _ CalPy ])

T14+r T1+r

Kekcaul Kekput

«Today» « Tomorrow»

~ @ E Ma'
t=0 t=1 subject to: 3 @, is represented by Bel,

~  Bel({i}) > ¢ for all i € Q, with e = 0.0001

Risk-free frictionless asset - a-Mixture prices at time t = O:
(bond) (1, 1) foralliin Q
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